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1 Introduction.
This is a description of CalculiX CrunchiX. If you have any problems using
the program, this document should solve them. If not, send us an E-mail
(dhondt@t-online.de). The next sections contain some useful information on
how to use CalculiX in parallel, hints about units and golden rules you should
always keep in mind before starting an analysis. Section �ve contains a sim-
ple example problems to wet your appetite. Section six is a theoretical section
giving some background on the analysis types, elements, materials etc. Then,
an overview is given of all the available keywords in alphabetical order, fol-
lowed by detailed instructions on the format of the input deck. If CalculiX
does not run because your input deck has problems, this is the section to look
at. Then, there is a section on the user subroutines and a short overview of
the program structure. The CalculiX distribution contains a large set of test
examples (ccx 2.20.test.tar.bz2). If you try to solve a new kind of problem you
haven’t dealt with in the past, check these examples. You can also use them to
check whether you installed CalculiX correctly (if you do so with the compare
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script and if you experience problems with some of the examples, please check
the comments at the start of the corresponding input deck). Finally, the User’s
Manual ends with some references used while writing the code.

This manual is not a textbook on �nite elements. Indeed, a working knowl-
edge of the Finite Element Method is assumed. For people not familiar with
the Finite Element Method, I recommend the book by Zienkiewicz and Taylor
[103] for engineering oriented students and the publications by Hughes [34] and
Dhondt [20] for mathematically minded readers.

2 How to perform CalculiX calculations in par-
allel

Nowadays most computers have one socket with several cores, allowing for the
calculations to be performed in a parallel way. In CalculiX one can

� create the element sti�ness matrices in parallel. No special compilation
ag is needed. At execution time the environment variable OMP NUM THREADS
or the environment variable CCX NPROC STIFFNESS must be set to the
number of cores, default is 1. If both are set, CCX NPROC STIFFNESS
takes precedence. The maximum number of cores is detected automati-
cally by CalculiX by using the sysconf( SC NPROCESSORS CONF) func-
tion. It can be overriden by the user by means of environment variable
NUMBER OF CPUS.

Notice that older GNU-compiler versions (e.g. gcc 4.2.1) may have prob-
lems with this parallellization due to the size of the �elds to be allocated
within each thread (e.g. s(100,100) in routine e 3d.f). This should not be
a problem with the actual compiler version.

� solve the system of equations with the multithreaded version of SPOOLES.
To this end

{ the MT-version of SPOOLES must have been compiled. For further
information on this topic please consult the SPOOLES documenta-
tion

{ CalculiX CrunchiX must have been compiled with the USE MT ag
activated in the Make�le, please consult the README.INSTALL �le.

{ at execution time the environment variable OMP NUM THREADS
must have been set to the number of cores you want to use. In
Linux this can be done by \export OMP NUM THREADS=n" on
the command line, where n is the number of cores. Default is 1.
Alternatively, you can set the number of cores using the environment
variable CCX NPROC EQUATION SOLVER. If both are set, the
latter takes precedence.
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� solve the system of equations with the multithreaded version of PARDISO.
PARDISO is proprietary. Look at the PARDISO documentation how to
link the multithreaded version. At execution time the environment vari-
able OMP NUM THREADS must be set to the number of cores, default
is 1.

� create material tangent matrices and calculate the stresses at the integra-
tion points in parallel. No special compilation ag is needed. At execution
time the environment variable OMP NUM THREADS or the environment
variable CCX NPROC RESULTS must be set to the number of cores, de-
fault is 1. If both are set, CCX NPROC RESULTS takes precedence.
The maximum number of cores is detected automatically by CalculiX by
using the sysconf( SC NPROCESSORS CONF) function. It can be over-
riden by the user by means of environment variable NUMBER OF CPUS.
Notice that if a material user subroutine (Sections 8.5 and 8.6) is used,
certain rules have to be complied with in order to allow parallelization.
These include (this list is possibly not exhaustive):

{ no save statements
{ no data statements
{ avoid logical variables
{ no write statements

� calculate the viewfactors for thermal radiation computations in paral-
lel. No special compilation ag is needed. At execution time the en-
vironment variable OMP NUM THREADS or the environment variable
CCX NPROC VIEWFACTOR must be set to the number of cores, default
is 1. If both are set, CCX NPROC VIEWFACTOR takes precedence. The
maximum number of cores is detected automatically by CalculiX by using
the sysconf( SC NPROCESSORS CONF) function. It can be overriden
by the user by means of environment variable NUMBER OF CPUS.

� perform several operations in CFD calculations (computational uid dy-
namics) in parallel. No special compilation ag is needed. At execution
time the environment variable OMP NUM THREADS or the environment
variable CCX NPROC CFD must be set to the number of cores, default
is 1. If both are set, CCX NPROC CFD takes precedence. The maxi-
mum number of cores is detected automatically by CalculiX by using the
sysconf( SC NPROCESSORS CONF) function. It can be overriden by
the user by means of environment variable NUMBER OF CPUS.

� Calculate the magnetic intensity by use of the Biot-Savart law in par-
allel. No special compilation ag is needed. At execution time the en-
vironment variable OMP NUM THREADS or the environment variable
CCX NPROC BIOTSAVART must be set to the number of cores, default
is 1. If both are set, CCX NPROC BIOTSAVART takes precedence. The
maximum number of cores is detected automatically by CalculiX by using
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the sysconf( SC NPROCESSORS CONF) function. It can be overriden
by the user by means of environment variable NUMBER OF CPUS.

� Perform several vector and matrix operations needed by the SLATEC
iterative solvers or by ARPACK in parallel. To this end the user must
have de�ned the environment variable OMP NUM THREADS, and used
the openmp FORTRAN ag in the Make�le. The parallellization is done
in FORTRAN routines using openmp. The corresponding lines start with
\c$omp". If the openmp ag is not used, these lines are interpreted by the
compiler as comment lines and no parallellization takes place. Notice that
this parallellization only pays o� for rather big systems, let’s say 300,000
degrees of freedom for CFD-calculations or 1,000,000 degrees of freedom
for mechanical frequency calculations.

Examples:

� For some reason the function sysconf does not work on your computer
system and leads to a segmentation fault. You can prevent using the
function by de�ning the maximum number of cores explicitly using the
NUMBER OF CPUS environment variable

� You want to perform a thermomechanical calculation, but you are us-
ing a user de�ned material subroutine (Sections 8.5 and 8.6) which is
not suitable for parallelization. You can make maximum use of paral-
lelization (e.g. for the calculation of viewfactors) by setting the variable
OMP NUM THREADS to the maximum number of cores on your system,
and prevent parallelization of the material tangent and stress calculation
step by setting CCX NPROC RESULTS to 1.

3 Units
An important issue which frequently raises questions concerns units. Finite
element programs do not know any units. The user has to take care of that. In
fact, there is only one golden rule: the user must make sure that the numbers
he provides have consistent units. The number of units one can freely choose
depends on the application. For thermomechanical problems you can choose
four units, e.g. for length, mass, time and temperature. If these are chosen,
everything else is �xed. If you choose SI units for these quantities, i.e. m for
length, kg for mass, s for time and K for temperature, force will be in kgm=s2 =
N, pressure will be in N=m2 = kg=ms2, density will be in kg=m3, thermal
conductivity in W=mK = J=smK = Nm=smK = kgm2=s3mK = kgm=s3K ,
speci�c heat in J=kgK = Nm=kgK = m2=s2K and so on. The density of steel in
the SI system is 7800 kg=m3.

If you choose mm for length, g for mass, s for time and K for temper-
ature, force will be in gmm=s2 and thermal conductivity in gmm=s3K. In
the f mm; g; s; Kg system the density of steel is 7:8 � 10� 3 since 7800kg=m3 =
7800 � 10� 6g=mm3.
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Table 1: Frequently used units in di�erent unit systems.

symbol meaning m,kg,s,K mm,N,s,K cm,g,s,K

E Young’s Modulus 1 N
m 2 = 1 kg

ms 2 = 10� 6 N
mm 2 = 1 g

mms 2

� Density 1 kg
m 3 = 10� 12 Ns 2

mm 4 = 10� 6 g
mm 3

F Force 1N = 1 kgm
s2 = 1N = 106 g mm

s2

cp Speci�c Heat 1 J
kgK = 1 m 2

s2 K = 106 mm 2

s2 K = 106 mm 2

s2 K

� Conductivity 1 W
mK = 1 kgm

s3 K = 1 N
sK = 106 g mm

s3 K

h Film Coe�cient 1 W
m 2 K = 1 kg

s3 K = 10� 3 N
mm sK = 103 g

s3 K

� Dynamic Viscosity 1 Ns
m 2 = 1 kg

ms = 10� 6 Ns
mm 2 = 1 g

mm s

However, you can also choose other quantities as the independent ones. A
popular system at my company is mm for length, N for force, s for time and K
for temperature. Now, since force = mass � length / time2, we get that mass
= force � time2/length. This leads to Ns2=mm for the mass and Ns2=mm4 for
density. This means that in the f mm; N; s; Kg system the density of steel is
7:8 � 10� 9 since 7800kg=m3 = 7800Ns2=m4 = 7:8 � 10� 9Ns2=mm4.

Notice that your are not totally free in choosing the four basic units: you
cannot choose the unit of force, mass, length and time as basic units since they
are linked with each other through force = mass � length / time2.

Finally, a couple of additional examples. Young’s Modulus for steel is
210000N=mm2 = 210000� 106N=m2 = 210000� 106kg=ms2 = 210000� 106g=mms2.
So its value in the SI system is 210 � 109, in the f mm; g; s; Kg system it is also
210 � 109 and in the f mm; N; s; Kg system it is 210 � 103. The heat capacity of
steel is 446J=kgK = 446m2=s2K = 446 � 106mm2=s2K, so in the SI system it is
446:, in the f mm; g; s; Kg and f mm; N; s; Kg system it is 446 � 106.

Table 1 gives an overview of frequently used units in three di�erent systems:
the f m; kg; s; Kg system, the f mm; N; s; Kg system and the f cm; g; s; Kg system.

Typical values for air, water and steel at room temperature are:

� air

{ cp = 1005 J=kgK = 1005 � 106 mm2=s2K

{ � = 0:0257 W=mK = 0:0257 N=sK
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{ � = 18:21 � 10� 6 kg=ms = 18:21 � 10� 12 Ns=mm2

{ r (speci�c gas constant) = 287 J=kgK = 287 � 106 mm2=s2K

� water

{ � = 1000 kg=m3 = 10� 9 Ns2=mm4

{ cp = 4181:8 J=kgK = 4181:8 � 106 mm2=s2K
{ � = 0:5984 W=mK = 0:5984 N=sK
{ � = 10� 3 Pa s = 10� 9 Ns=mm2

� steel

{ E = 2100006 N=m2 = 210000 N=mm2

{ � (Poisson coe�cient)= 0:3
{ � = 7800 kg=m3 = 7:8 � 10� 9 Ns2=mm4

{ cp = 446 J=kgK = 446 � 106 mm2=s2K
{ � = 50 W=mK = 50 N=sK

4 Golden rules
Applying the �nite element method to real-life problems is not always a piece
of cake. Especially achieving convergence for nonlinear applications (large de-
formation, nonlinear material behavior, contact) can be quite tricky. However,
adhering to a couple of simple rules can make life a lot easier. According to my
experience, the following guidelines are quite helpful:

1. Check the quality of your mesh in CalculiX GraphiX or by using any other
good preprocessor.

2. If you are dealing with a nonlinear problem, RUN A LINEARIZED VER-
SION FIRST: eliminate large deformations (drop NLGEOM), use a linear
elastic material and drop all other nonlinearities such as contact. If the
linear version doesn’t run, the nonlinear problem won’t run either. The
linear version allows you to check easily whether the boundary conditions
are correct (no unrestrained rigid body modes), the loading is the one
you meant to apply etc. Furthermore, you get a feeling what the solution
should look like.

3. USE QUADRATIC ELEMENTS (C3D10, C3D15, C3D20(R), S8, CPE8,
CPS8, CAX8, B32). The standard shape functions for quadratic elements
are very good. Most �nite element programs use these standard functions.
For linear elements this is not the case: linear elements exhibit all kind of
weird behavior such as shear locking and volumetric locking. Therefore,
most �nite element programs modify the standard shape functions for lin-
ear elements to alleviate these problems. However, there is no standard
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way of doing this, so each vendor has created his own modi�cations with-
out necessarily publishing them. This leads to a larger variation in the
results if you use linear elements. Since CalculiX uses the standard shape
functions for linear elements too, the results must be considered with care.

4. If you are using shell elements or beam elements, use the option OUT-
PUT=3D on the *NODE FILE card in CalculiX (which is default). That
way you get the expanded form of these elements in the .frd �le. You can
easily verify whether the thicknesses you speci�ed are correct. Further-
more, you get the 3D stress distribution. It is the basis for the 1D/2D
stress distribution and the internal beam forces. If the former is incorrect,
so will the latter be.

5. If you include contact in your calculations and you are using quadratic ele-
ments, use the face-to-face penalty contact method or the mortar method
(which is by default a face-to-face method). In general, for contact be-
tween faces the face-to-face penalty method and the mortar method will
converge much better than the node-to-face method. The type of contact
has to be declared on the *CONTACT PAIR card. Notice that the mortar
method in CalculiX can only be used for static calculations.

6. if you do not have enough space to run a problem, check the numbering.
The memory needed to run a problem depends on the largest node and
element numbers (the computational time, though, does not). So if you
notice large gaps in the numbering, get rid of them and you will need less
memory. In some problems you can save memory by choosing an iterative
solution method. The iterative scaling method (cf. *STATIC) needs less
memory than the iterative Cholesky method, the latter needs less memory
than SPOOLES or PARDISO.

If you experience problems you can:

1. look at the screen output. In particular, the convergence information for
nonlinear calculations may indicate the source of your problem.

2. look at the .sta �le. This �le contains information on the number of
iterations needed in each increment to obtain convergence

3. look at the .cvg �le. This �le is a synopsis of the screen output: it gives you
a very fast overview of the number of contact elements, the residual force
and the largest change in solution in each iteration (no matter whether
convergent or not).

4. use the \last iterations" option on the *NODE FILE or similar card. This
generates a �le with the name ResultsForLastIterations.frd with the de-
formation (for mechanical calculations) and the temperature (for thermal
calculations) for all non-converged iterations starting after the last con-
vergent increment.
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Figure 1: Geometry and boundary conditions of the beam problem

5. if you have contact de�nitions in your input deck you may use the \contact
elements" option on the *NODE FILE or similar card. This generates a
�le with the name jobname.cel with all contact elements in all iterations
of the increment in which this option is active. By reading this �le in
CalculiX GraphiX you can visualize all contact elements in each iteration
and maybe �nd the source of your problems.

6. if you experience a segmentation fault, you may set the environment vari-
able CCX LOG ALLOC to 1 by typing \export CCX LOG ALLOC=1"
in a terminal window. Running CalculiX you will get information on which
�elds are allocated, reallocated or freed at which line in the code (default
is 0).

7. this is for experts: if you experience problems with dependencies between
di�erent equations you can print the SPC’s at the beginning of each step
by removing the comment in front of the call to writeboun in ccx 2.20.c
and recompile, and you can print the MPC’s each time they are set up
by decommenting the loop in which writempc is called at the beginning
of cascade.c and recompile.

5 Simple example problems

5.1 Cantilever beam

In this section, a cantilever beam loaded by point forces at its free end is ana-
lyzed.

The geometry, loading and boundary conditions of the cantilever beam are
shown in Figure 1. The size of the beam is 1x1x8 m3, the loading consists of
a point force of 9 � 106 N and the beam is completely �xed (in all directions)
on the left end. Let us take 1 m and 1 MN as units of length and force,
respectively. Assume that the beam geometry was generated and meshed with
CalculiX GraphiX (cgx) resulting in the mesh in Figure 2. For reasons of clarity,
only element labels are displayed.
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Figure 2: Mesh for the beam
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A CalculiX input deck basically consists of a model de�nition section de-
scribing the geometry and boundary conditions of the problem and one or more
steps (Figure 3) de�ning the loads.

The model de�nition section starts at the beginning of the �le and ends at
the occurrence of the �rst *STEP card. All input is preceded by keyword cards,
which all start with an asterisk (*), indicating the kind of data which follows.
*STEP is such a keyword card. Most keyword cards are either model de�nition
cards (i.e. they can only occur before the �rst *STEP card) or step cards (i.e.
they can only occur between *STEP and *END STEP cards). A few can be
both.

In our example (Figure 4), the �rst keyword card is *HEADING, followed
by a short description of the problem. This has no e�ect on the output and only
serves for identi�cation. Then, the coordinates are given as triplets preceded
by the *NODE keyword. Notice that data on the same line are separated by
commas and must not exceed a record length of 132 columns. A keyword card
can be repeated as often as needed. For instance, each node could have been
preceded by its own *NODE keyword card.

Next, the topology is de�ned by use of the keyword card *ELEMENT. De�n-
ing the topology means listing for each element its type, which nodes belong to
the element and in what order. The element type is a parameter on the keyword
card. In the beam case 20-node brick elements with reduced integration have
been used, abbreviated as C3D20R. In addition, by adding ELSET=Eall, all
elements following the *ELEMENT card are stored in set Eall. This set will be
later referred to in the material de�nition. Now, each element is listed followed
by the 20 node numbers de�ning it. With *NODE and *ELEMENT, the core
of the geometry description is �nished. Remaining model de�nition items are
geometric boundary conditions and the material description.

The only geometric boundary condition in the beam problem is the �xation
at z=0. To this end, the nodes at z=0 are collected and stored in node set FIX
de�ned by the keyword card *NSET. The nodes belonging to the set follow on
the lines underneath the keyword card. By means of the card *BOUNDARY,
the nodes belonging to set FIX are subsequently �xed in 1, 2 and 3-direction,
corresponding to x,y and z. The three *BOUNDARY statements in Figure 4
can actually be grouped yielding:

*BOUNDARY
FIX,1
FIX,2
FIX,3

or even shorter:

*BOUNDARY
FIX,1,3

meaning that degrees of freedom 1 through 3 are to be �xed (i.e. set to
zero).
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material description

*END STEP

*STEP

*STEP

*END STEP

*STEP

*END STEP

Step n

Step 2

Step 1

Model Definition

Figure 3: Structure of a CalculiX input deck
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*HEADING
Model: beam Date: 10 � Mar� 1998
*NODE

1, 0.000000, 0.000000, 0.000000
2, 1.000000, 0.000000, 0.000000
3, 1.000000, 1.000000, 0.000000
.
.
.

260, 0.500000, 0.750000, 7.000000
261, 0.500000, 0.500000, 7.500000

*ELEMENT, TYPE=C3D20R , ELSET=Eall
1, 1, 10, 95, 19, 61, 105, 222, 192, 9, 93,

94, 20, 104, 220, 221, 193, 62, 103, 219, 190
2, 10, 2, 13, 95, 105, 34, 134, 222, 11, 12,

96, 93, 106, 133, 223, 220, 103, 33, 132, 219
.
.
.
.

32, 258, 158, 76, 187, 100, 25, 7, 28, 259, 159,
186, 260, 101, 26, 27, 102, 261, 160, 77, 189

*NSET, NSET=FIX
97, 96, 95, 94, 93, 20, 19, 18, 17, 16, 15,
14, 13, 12, 11, 10, 9, 4, 3, 2, 1

*BOUNDARY
FIX, 1
*BOUNDARY
FIX, 2
*BOUNDARY
FIX, 3
*NSET,NSET=Nall,GENERATE
1,261
*MATERIAL,NAME=EL
*ELASTIC

210000.0, .3
*SOLID SECTION,ELSET=Eall,MATERIAL=EL
*NSET,NSET=LOAD
5,6,7,8,22,25,28,31,100
**
*STEP
*STATIC
*CLOAD
LOAD,2,1.
*NODE PRINT,NSET=Nall
U
*EL PRINT,ELSET=Eall
S
*NODE FILE
U
*EL FILE
S
*END STEP

Figure 4: Beam input deck
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Figure 5: Deformation of the beam

The next section in the input deck is the material description. This section
is special since the cards describing one and the same material must be grouped
together, although the section itself can occur anywhere before the �rst *STEP
card. A material section is always started by a *MATERIAL card de�ning
the name of the material by means of the parameter NAME. Depending on
the kind of material several keyword cards can follow. Here, the material is
linear elastic, characterized by a Young’s modulus of 210,000.0 MN=m 2 and
a Poisson coe�cient of 0.3 (steel). These properties are stored beneath the
*ELASTIC keyword card, which here concludes the material de�nition. Next,
the material is assigned to the element set Eall by means of the keyword card
*SOLID SECTION.

Finally, the last card in the model de�nition section de�nes a node set LOAD
which will be needed to de�ne the load. The card starting with two asterisks
in between the model de�nition section and the �rst step section is a comment
line. A comment line can be introduced at any place. It is completely ignored
by CalculiX and serves for input deck clarity only.

In the present problem, only one step is needed. A step always starts with
a *STEP card and concludes with a *END STEP card. The keyword card
*STATIC de�nes the procedure. The *STATIC card indicates that the load
is applied in a quasi-static way, i.e. so slow that mass inertia does not play a
role. Other procedures are *FREQUENCY, *BUCKLE, *MODAL DYNAMIC,
*STEADY STATE DYNAMICS and *DYNAMIC. Next, the concentrated load
is applied (keyword *CLOAD) to node set LOAD. The forces act in y-direction
and their magnitude is 1, yielding a total load of 9.
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Figure 6: Axial normal stresses in the beam

Finally, the printing and �le storage cards allow for user-directed output
generation. The print cards (*NODE PRINT and *EL PRINT) lead to an
ASCII �le with extension .dat. If they are not selected, no .dat �le is generated.
The *NODE PRINT and *EL PRINT cards must be followed by the node and
element sets for which output is required, respectively. Element information is
stored at the integration points.

The *NODE FILE and *EL FILE cards, on the other hand, govern the
output written to an ASCII �le with extension .frd. The results in this �le can
be viewed with CalculiX GraphiX (cgx). Quantities selected by the *NODE
FILE and *EL FILE cards are always stored for the complete model. Element
quantities are extrapolated to the nodes, and all contributions in the same node
are averaged. Selection of �elds for the *NODE PRINT, *EL PRINT, *NODE
FILE and *EL FILE cards is made by character codes: for instance, U are the
displacements and S are the (Cauchy) stresses.

The input deck is concluded with an *END STEP card.
The output �les for the beam problem consist of �le beam.dat and beam.frd.

The beam.dat �le contains the displacements for set Nall and the stresses in the
integration points for set Eall. The �le beam.frd contains the displacements
and extrapolated stresses in all nodes. It is the input for the visualization
program CalculiX GraphiX (cgx). An impression of the capabilities of cgx can
be obtained by looking at Figures 5, 6 and 7.

Figure 5 shows the deformation of the beam under the prevailing loads. As
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Figure 7: Von Mises stresses in the beam

expected, the beam bends due to the lateral force at its end. Figure 6 shows
the normal stress in axial direction. Due to the bending moment one obtains a
nearly linear distribution across the height of the beam. Finally, Figure 7 shows
the Von Mises stress in the beam.

5.2 Frequency calculation of a beam loaded by compres-
sive forces

Let us consider the beam from the previous section and determine its eigenfre-
quencies and eigenmodes. To obtain di�erent frequencies for the lateral direc-
tions the cross section is changed from 1x1 to 1x1.5. Its length is kept (8 length
units). The input deck is very similar to the one in the previous section (the
full deck is part of the test example suite: beamf2.inp):

**
** Structure: beam under compressive forces.
** Test objective: Frequency analysis; the forces are that
** high that the lowest frequency is nearly
** zero, i.e. the buckling load is reached.
**
*HEADING
Model: beam Date: 10-Mar-1998
*NODE
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1, 0.000000, 0.000000, 0.000000
...

*ELEMENT, TYPE=C3D20R
1, 1, 10, 95, 19, 61, 105, 222, 192, 9, 93,

94, 20, 104, 220, 221, 193, 62, 103, 219, 190
...

*BOUNDARY
CN7, 1
*BOUNDARY
CN7, 2
*BOUNDARY
CN7, 3
*ELSET,ELSET=EALL,GENERATE
1,32
*MATERIAL,NAME=EL
*ELASTIC

210000.0, .3
*DENSITY
7.8E-9
*SOLID SECTION,MATERIAL=EL,ELSET=EALL
*NSET,NSET=LAST

5,
6,
...

*STEP
*STATIC
*CLOAD
LAST,3,-48.155
*END STEP
*STEP,PERTURBATION
*FREQUENCY
10
*NODE FILE
U
*EL FILE
S
*END STEP

The only signi�cant di�erences relate to the steps. In the �rst step the
preload is applied in the form of compressive forces at the end of the beam. In
each node belonging to set LAST a compressive force is applied with a value
of -48.155 in the positive z-direction, or, which is equivalent, with magnitude
48.155 in the negative z-direction. The second step is a frequency step. By using
the parameter PERTURBATION on the *STEP keyword card the user speci�es
that the deformation and stress from the previous static step should be taken
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Table 2: Frequencies without and with preload (cycles/s).

without preload with preload
CalculiX ABAQUS CalculiX ABAQUS
13,096. 13,096. 705. 1,780.
19,320. 19,319. 14,614. 14,822.
76,840. 76,834. 69,731. 70,411.
86,955. 86,954. 86,544. 86,870.
105,964. 105,956. 101,291. 102,148.
162,999. 162,998. 162,209. 163,668.
197,645. 197,540. 191,581. 193,065.
256,161. 256,029. 251,858. 253,603.
261,140. 261,086. 259,905. 260,837.
351,862. 351,197. 345,729. 347,688.

into account in the subsequent frequency calculation. The *FREQUENCY card
and the line underneath indicate that this is a modal analysis step and that the
10 lowest eigenfrequencies are to be determined. They are automatically stored
in the .dat �le. Table 2 shows these eigenfrequencies for the beam without and
with preload together with a comparison with ABAQUS (the input deck for the
modal analysis without preload is stored in �le beamf.inp of the test example
suite). One notices that due to the preload the eigenfrequencies drop. This is
especially outspoken for the lower frequencies. As a matter of fact, the lowest
bending eigenfrequency is so low that buckling will occur. Indeed, one way of
determining the buckling load is by increasing the compressive load up to the
point that the lowest eigenfrequency is zero. For the present example this means
that the buckling load is 21 x 48.155 = 1011.3 force units (the factor 21 stems
from the fact that the same load is applied in 21 nodes). An alternative way of
determining the buckling load is to use the *BUCKLE keyword card. This is
illustrated for the same beam geometry in �le beamb.inp of the test suite.

Figures 8 and 9 show the deformation of the second bending mode across
the minor axis of inertia and deformation of the �rst torsion mode.

5.3 Frequency calculation of a rotating disk on a slender
shaft

** ** Structure: slender disk mounted on a long axis ** Test objective: *COM-
PLEX FREQUENCY, ** output of moments of inertia. ** *NODE, NSET=Nall
1,6.123233995737e-17,1.000000000000e+00,0.000000000000e+00 ... *ELEMENT,
TYPE=C3D20R, ELSET=Eall 1, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 17, 18,
19, 20, 13, 14, 15, 16 ... *BOUNDARY N�x,1,3 *Solid Section, elset=Eall, ma-
terial=steel *Material, name=STEEL *Elastic 210000., 0.3 *DENSITY 7.8e-
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Figure 8: Second bending mode across the minor axis of inertia

Figure 9: First torsion mode
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9 *Step,nlgeom *Static *dload Eall,centrif,3.0853e8,0.,0.,0.,0.,0.,1. *end step
*step,perturbation *frequency,STORAGE=YES 10, *end step *step,perturbation
*complex frequency,coriolis 10, *node �le pu *end step

This is an example for a complex frequency calculation. A disk with an
outer diameter of 10, an inner diameter of 2 and a thickness of 0.25 is mounted
on a hollow shaft with outer diamter 2 and inner diameter 1 (example rotor.inp
in het test examples). The disk is mounted in het middle of the shaft, the ends
of which are �xed in all directions. The length of the shaft on either side of the
disk is 50. The input deck for this example is shown above.

The deck start with the de�nition of the nodes and elements. The set N�x
contains the nodes at the end of the shaft, which are �xed in all directions. The
material is ordinary steel. Notice that the density is needed for the centrifugal
loading.

Since the disk is rotation there is a preload in the form of centrifugal forces.
Therefore, the �rst step is a nonlinear geometric static step in order to calculate
the deformation and stresses due to this loading. By selecting the parameter
perturbation in the subsequent frequency step this preload is taken into account
in the calculation of the sti�ness matrix in the frequency calculation. The
resulting eigenfrequencies are stored at the top of �le rotor.dat (Figure 10 for a
rotational speed of 9000 rad/s). In a *FREQUENCY step an eigenvalue problem
is solved, the eigenvalues of which (�rst column on the top of Figure 10) are
the square of the eigenfrequencies of the structure (second to fourth column). If
the eigenvalue is negative, an imaginary eigenfrequency results. This is the case
for the two lowest eigenvalues for the rotor rotating at 9000 rad/s. For shaft
speeds underneath about 6000 rad/s all eigenfrequencies are real. The lowest
eigenfrequencies as a function of rotating speeds up to 18000 rad/s are shown
in Figure 11 (+ and x curves).

What is the physical meaning of imaginary eigenfrequencies? The eigen-
modes resulting from a frequency calculation contain the term ei!t . If the
eigenfrequency ! is real, one obtains a sine or cosine, if ! is imaginary, one ob-
tains an increasing or decreasing exponential function [20]. Thus, for imaginary
eigenfrequencies the response is not any more oscillatory: it increases inde�-
nitely, the system breaks apart. Looking at Figure 11 one observes that the
lowest eigenfrequency decreases for increasing shaft speed up to the point where
it is about zero at a shaft speed of nearly 6000 rad/s. At that point the eigenfre-
quency becomes imaginary, the rotor breaks apart. This has puzzled engineers
for a long time, since real systems were observed to reach supercritical speeds
without breaking apart.

The essential point here is to observe that the calculations are being per-
formed in a rotating coordinate system (�xed to the shaft). Newton’s laws are
not valid in an accelerating reference system, and a rotating coordinate system
is accelerating. A correction term to Newton’s laws is necessary in the form of a
Coriolis force. The introduction of the Coriolis force leads to a complex nonlin-
ear eigenvalue system, which can solved with the *COMPLEX FREQUENCY
procedure (cf. Section 6.9.3). One can prove that the resulting eigenfrequencies
are real, the eigenmodes, however, are usually complex. This leads to rotating
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Figure 10: Eigenfrequencies for the rotor
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Figure 11: Eigenfrequencies as a function of shaft speed

eigenmodes.
In order to use the *COMPLEX FREQUENCY procedure the eigenmodes

without Coriolis force must have been calculated and stored in a previous *FRE-
QUENCY step (STORAGE=YES) (cf. Input Deck). The complex frequency
response is calculated as a linear combination of these eigenmodes. The number
of eigenfrequencies requested in the *COMPLEX FREQUENCY step should
not exceed those of the preceding *FREQUENCY step. Since the eigenmodes
are complex, they are best stored in terms of amplitude and phase with PU
underneath the *NODE FILE card.

The correct eigenvalues for the rotating shaft lead to the straight lines in
Figure 11. Each line represents an eigenmode: the lowest decreasing line is a
two-node counter clockwise (ccw) eigenmode when looking in (-z)-direction, the
highest decreasing line is a three-node ccw eigenmode, the lowest and highest
increasing lines constitute both a two-node clockwise (cw) eigenmode. A node
is a location at which the radial motion is zero. Figure 12 shows the two-node
eigenmode, Figure 13 the three-node eigenmode. Notice that if the scales on
the x- and y-axis in Figure 11 were the same the lines would be under 45� .

It might surprise that both increasing straight lines correspond to one and
the same eigenmode. For instance, for a shaft speed of 5816 rad/s one and the
same eigenmode occurs at an eigenfrequency of 0 and 11632 rad/s. Remember,
however, that the eigenmodes are calculated in the rotating system, i.e. as
observed by an observer rotating with the shaft. To obtain the frequencies for
a �xed observer the frequencies have to be considered relative to a 45� straight
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Figure 12: Two-node eigenmode

Figure 13: Three-node eigenmode
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Figure 14: Description of the furnace

line through the origin and bisecting the diagram. This observer will see one
and the same eigenmode at 5816 rad/s and -5816 rad/s, so cw and ccw.

Finally, the Coriolis e�ect is not always relevant. Generally, slender rotat-
ing structures (large blades...) will exhibit important frequency shifts due to
Coriolis.

5.4 Thermal calculation of a furnace
This problem involves a thermal calculation of the furnace depicted in Figure
14. The furnace consists of a bottom plate at a temperature T b, which is
prescribed. It changes linearly in an extremely short time from 300 K to 1000
K after which it remains constant. The side walls of the furnace are isolated
from the outer world, but exchange heat through radiation with the other walls
of the furnace. The emissivity of the side walls and bottom is � = 1. The top of
the furnace exchanges heat through radiation with the other walls and with the
environmental temperature which is �xed at 300 K. The emissivity of the top is
� = 0:8. Furthermore, the top exchanges heat through convection with a uid
(air) moving at the constant rate of 0.001 kg/s. The temperature of the uid at
the right upper corner is 300 K. The walls of the oven are made of 10 cm steel.
The material constants for steels are: heat conductivity � = 50W=mK, speci�c
heat c = 446W=kgK and density � = 7800kg=m3. The material constants
for air are : speci�c heat cp = 1000W=kgK and density � = 1kg=m3. The
convection coe�cient is h = 25W=m2K. The dimensions of the furnace are
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0:3 � 0:3 � 0:3m3 (cube). At t = 0 all parts are at T = 300K. We would like to
know the temperature at locations A,B,C,D and E as a function of time.

**
** Structure: furnace.
** Test objective: shell elements with convection and radia tion.
**
*NODE, NSET=Nall

1, 3.00000e-01, 3.72529e-09, 3.72529e-09
...

*ELEMENT, TYPE=S6, ELSET=furnace
1, 1, 2, 3, 4, 5, 6
...

*ELEMENT,TYPE=D,ELSET=EGAS
301,603,609,604
...
*NSET,NSET=NGAS,GENERATE
603,608
*NSET,NSET=Ndown
1,
...
*PHYSICAL CONSTANTS,ABSOLUTE ZERO=0.,STEFAN BOLTZMANN=5.669E-8
*MATERIAL,NAME=STEEL
*DENSITY
7800.
*CONDUCTIVITY
50.
*SPECIFIC HEAT
446.
*SHELL SECTION,ELSET=furnace,MATERIAL=STEEL
0.01
*MATERIAL,NAME=GAS
*DENSITY
1.
*SPECIFIC HEAT
1000.
*FLUID SECTION,ELSET=EGAS,MATERIAL=GAS
*INITIAL CONDITIONS,TYPE=TEMPERATURE
Nall,300.
*AMPLITUDE,NAME=A1
0.,.3,1.,1.
*STEP,INC=100
*HEAT TRANSFER
0.1,1.
*VIEWFACTOR,WRITE
*BOUNDARY,AMPLITUDE=A1
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Ndown,11,11,1000.
*BOUNDARY
603,11,11,300.
*BOUNDARY,MASS FLOW
609,1,1,0.001
...
*RADIATE
** Radiate based on down
1, R1CR,1000., 1.000000e+00
...
** Radiate based on top
51, R1CR,1000., 8.000000e-01
...
** Radiate based on side
101, R1CR,1000., 1.000000e+00
...
** Radiate based on top
51, R2,300., 8.000000e-01
...
*FILM
51, F2FC, 604, 2.500000e+01
...
*NODE FILE
NT
*NODE PRINT,NSET=NGAS
NT
*END STEP

The input deck is listed above. It starts with the node de�nitions. The
highest node number in the structure is 602. The nodes 603 up to 608 are uid
nodes, i.e. in the uid extra nodes were de�ned (z=0.3 corresponds with the
top of the furnace, z=0 with the bottom). Fluid node 603 corresponds to the
location where the uid temperature is 300 K (\inlet"), node 608 corresponds
to the \outlet", the other nodes are located in between. The coordinates of the
uid nodes actually do not enter the calculations. Only the convective de�ni-
tions with the keyword *FILM govern the exchange between furnace and uid.
With the *ELEMENT card the 6-node shell elements making up the furnace
walls are de�ned. Furthermore, the uid nodes are also assigned to elements
(element type D), so-called network elements. These elements are needed for
the assignment of material properties to the uid. Indeed, traditionally material
properties are assigned to elements and not to nodes. Each network element
consists of two end nodes, in which the temperature is unknown, and a midside
node, which is used to de�ne the mass ow rate through the element. The uid
nodes 603 up to 613 are assigned to the network elements 301 up to 305.

Next, two node sets are de�ned: GAS contains all uid nodes, Ndown con-
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tains all nodes on the bottom of the furnace.
The *PHYSICAL CONSTANTS card is needed in those analyses in which

radiation plays a role. It de�nes absolute zero, here 0 since we work in Kelvin,
and the Stefan Boltzmann constant. In the present input deck SI units are used
throughout.

Next, the material constants for STEEL are de�ned. For thermal analyses
the conductivity, speci�c heat and density must be de�ned. The *SHELL SEC-
TION card assigns the STEEL material to the element set FURNACE, de�ned
by the *ELEMENT statement before. It contains all elements belonging to the
furnace. Furthermore, a thickness of 0.01 m is assigned.

The material constants for material GAS consist of the density and the
speci�c heat. These are the constants for the uid. Conduction in the uid is
not considered. The material GAS is assigned to element set EGAS containing
all network elements.

The *INITIAL CONDITIONS card de�nes an initial temperature of 300 K
for all nodes, i.e. furnace nodes AND uid nodes. The *AMPLITUDE card
de�nes a ramp function starting at 0.3 at 0.0 and increasing linearly to 1.0 at
1.0. It will be used to de�ne the temperature boundary conditions at the bottom
of the furnace. This ends the model de�nition.

The �rst step describes the linear increase of the temperature boundary con-
dition between t = 0 and t = 1. The INC=100 parameter on the *STEP card
allows for 100 increments in this step. The procedure is *HEAT TRANSFER,
i.e. we would like to perform a purely thermal analysis: the only unknowns
are the temperature and there are no mechanical unknowns (e.g. displace-
ments). The step time is 1., the initial increment size is 0.1. Both appear on
the line underneath the *HEAT TRANSFER card. The absence of the param-
eter STEADY STATE on the *HEAT TRANSFER card indicates that this is a
transient analysis.

Next come the temperature boundary conditions: the bottom plate of the
furnace is kept at 1000 K, but is modulated by amplitude A1. The result is that
the temperature boundary condition starts at 0.3 x 1000 = 300K and increases
linearly to reach 1000 K at t=1 s. The second boundary conditions speci�es
that the temperature of (uid) node 603 is kept at 300 K. This is the inlet
temperature. Notice that \11" is the temperature degree of freedom.

The mass ow rate in the uid is de�ned with the *BOUNDARY card applied
to the �rst degree of freedom of the midside nodes of the network elements. The
�rst line tells us that the mass ow rate in (uid)node 609 is 0.001. Node 609
is the midside node of network element 301. Since this rate is positive the
uid ows from node 603 towards node 604, i.e. from the �rst node of network
element 301 to the third node. The user must assure conservation of mass (this
is actually also checked by the program).

The �rst set of radiation boundary conditions speci�es that the top face of
the bottom of the furnace radiates through cavity radiation with an emissivity
of 1 and an environment temperature of 1000 K. For cavity radiation the envi-
ronment temperature is used in case the viewfactor at some location does not
amount to 1. What is short of 1 radiates towards the environment. The �rst
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Figure 15: Temperature distribution at t=3001 s

number in each line is the element, the number in the label (the second entry
in each line) is the face of the element exposed to radiation. In general, these
lines are generated automatically in cgx (CalculiX GraphiX).

The second and third block de�ne the internal cavity radiation in the furnace
for the top and the sides. The fourth block de�nes the radiation of the top face
of the top plate of the furnace towards the environment, which is kept at 300
K. The emissivity of the top plate is 0.8.

Next come the �lm conditions. Forced convection is de�ned for the top face
of the top plate of the furnace with a convection coe�cient h = 25W=mK.
The �rst line underneath the *FILM keyword indicates that the second face of
element 51 interacts through forced convection with (uid)node 604. The last
entry in this line is the convection coe�cient. So for each face interacting with
the uid an appropriate uid node must be speci�ed with which the interaction
takes place.

Finally, the *NODE FILE card makes sure that the temperature is stored in
the .frd �le and the *NODE PRINT card takes care that the uid temperature
is stored in the .dat �le.

The complete input deck is part of the test examples of CalculiX (fur-
nace.inp). For the present analysis a second step was appended keeping the
bottom temperature constant for an additional 3000 seconds.

What happens during the calculation? The walls and top of the furnace heat
up due to conduction in the walls and radiation from the bottom. However, the
top of the furnace also loses heat through radiation with the environment and
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Figure 16: Temperature at selected positions

convection with the uid. Due to the interaction with the uid the temperature
is asymmetric: at the inlet the uid is cool and the furnace will lose more
heat than at the outlet, where the temperature of the uid is higher and the
temperature di�erence with the furnace is smaller. So due to convection we
expect a temperature increase from inlet to outlet. Due to conduction we expect
a temperature minimum in the middle of the top. Both e�ects are superimposed.
The temperature distribution at t = 3001s is shown in Figure 15. There is a
temperature gradient from the bottom of the furnace towards the top. At the
top the temperature is indeed not symmetric. This is also shown in Figure 16,
where the temperature of locations A, B, C, D and E is plotted as a function of
time.

Notice that steady state conditions have not been reached yet. Also note
that 2D elements (such as shell elements) are automatically expanded into 3D
elements with the right thickness. Therefore, the pictures, which were plotted
from within CalculiX GraphiX, show 3D elements.

5.5 Seepage under a dam

In this section, groundwater ow under a dam is analyzed. The geometry of
the dam is depicted in Figure 17 and is taken from exercise 30 in Chapter 1 of
[29]. All length measurements are in feet (0.3048 m). The water level upstream
of the dam is 20 feet high, on the downstream side it is 5 feet high. The soil
underneath the dam is anisotropic. Upstream the permeability is characterized
by k1 = 4k2 = 10� 2cm=s, downstream we have 25k3 = 100k4 = 10� 2cm=s.
Our primary interest is the hydraulic gradient, i.e. r h since this is a measure
whether or not piping will occur. Piping means that the soil is being carried
away by the groundwater ow (usually at the downstream side) and constitutes
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an instable condition. As a rule of thumb, piping will occur if the hydraulic
gradient is about unity.

From Section 6.9.14 we know that the equations governing stationary ground-
water ow are the same as the heat equations. The equivalent quantity of the
total head is the temperature and of the velocity it is the heat ow. For the
�nite element analysis SI units were taken, so feet was converted into meter.
Furthermore, a vertical impermeable wall was assumed far upstream and far
downstream (actually, 30 m upstream from the middle point of the dam and 30
m downstream).

Now, the boundary conditions are:

1. the dam, the left and right vertical boundaries upstream and downstream,
and the horizontal limit at the bottom are impermeable. This means that
the water velocity perpendicular to these boundaries is zero, or, equiva-
lently, the heat ux.

2. taking the reference for the z-coordinate in the de�nition of total head
at the bottom of the dam (see Equation 440 for the de�nition of total
head), and assuming that the atmospheric pressure p0 is zero, the total
head upstream is 28 feet and downstream it is 13 feet. In the thermal
equivalent this corresponds to temperature boundary conditions.

The input deck is summarized in Figure 18. The complete deck is part of
the example problems. The problem is really two-dimensional and consequently
qu8 elements were used for the mesh generation within CalculiX GraphiX. To
obtain a higher resolution immediately adjacent to the dam a bias was used (the
mesh can be seen in Figure 19).

At the start of the deck the nodes are de�ned and the topology of the el-
ements. The qu8 element type in CalculiX GraphiX is by default translated
by the send command into a S8 (shell) element in CalculiX CrunchiX. How-
ever, a plane element is here more appropriate. Since the calculation at stake
is thermal and not mechanical, it is really immaterial whether one takes plane
strain (CPE8) or plane stress (CPS8) elements. With the *ELSET keyword
the element sets for the two di�erent kinds of soil are de�ned. The nodes on
which the constant total head is to be applied are de�ned by *NSET cards.
The permeability of the soil corresponds to the heat conduction coe�cient in
a thermal analysis. Notice that the permeability is de�ned to be orthotropic,
using the *CONDUCTIVITY,TYPE=ORTHO card. The values beneath this
card are the permeability in x, y and z-direction (SI units: m/s). The value
for the z-direction is actually immaterial, since no gradient is expected in that
direction. The *SOLID SECTION card is used to assign the materials to the ap-
propriate soil regions. The *INITIAL CONDITIONS card is not really needed,
since the calculation is stationary, however, CalculiX CrunchiX formally needs
it in a heat transfer calculation.

Within the step a *HEAT TRANSFER, STEADY STATE calculation is
selected without any additional time step information. This means that the
defaults for the step length (1) and initial increment size (1) will be taken. With
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Figure 17: Geometry of the dam

the *BOUNDARY cards the total head upstream and downstream is de�ned (11
is the temperature degree of freedom). Finally, the *NODE PRINT, *NODE
FILE and *EL FILE cards are used to de�ne the output: NT is the temperature,
or, equivalently, the total head (Figure 19) , and HFL is the heat ux, or,
equivalently, the groundwater ow velocity (y-component in Figure 20).

Since the permeability upstream is high, the total head gradient is small.
The converse is true downstream. The ow velocity is especially important
downstream. There it reaches values up to 2:25 � 10� 4 m/s (the red spot in
Figure 20), which corresponds to a hydraulic gradient of about 0.56, since the
permeability in y-direction downstream is 4 � 10� 4 m/s. This is smaller than 1,
so no piping will occur. Notice that the velocity is naturally highest immediately
next to the dam.

This example shows how seepage problems can be solved by using the heat
transfer capabilities in CalculiX GraphiX. The same applies to any other phe-
nomenon governed by a Laplace-type equation.

5.6 Capacitance of a cylindrical capacitor
In this section the capacitance of a cylindrical capacitor is calculated with inner
radius 1 m, outer radius 2 m and length 10 m. The capacitor is �lled with air,
its permittivity is � 0 = 8:8542 � 10� 12 C2=Nm2. An extract of the input deck,
which is part of the test example suite, is shown below:

*NODE, NSET=Nall
...
*ELEMENT, TYPE=C3D20, ELSET=Eall
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dam.txt Sun Feb 12 13:17:58 2006 1

**
** Structure: dam.
** Test objective: groundwater flow analysis.
**
*NODE, NSET=Nall

1, � 3.00000e+01, � 1.34110e � 07, 0.00000e+00
2, � 3.00000e+01, � 4.53062e � 01, 0.00000e+00
3, � 2.45219e+01, � 4.53062e � 01, 0.00000e+00

...
*ELEMENT, TYPE=CPS8, ELSET=Eall

1, 1, 2, 3, 4, 5, 6, 7, 8
2, 4, 3, 9, 10, 7, 11, 12, 13
3, 10, 9, 14, 15, 12, 16, 17, 18

...
*ELSET,ELSET=Earea1
1,
2,
...
*ELSET,ELSET=Earea2
161,
162,
...
*NSET,NSET=Nup
342,
345,
...
*NSET,NSET=Ndown
982,
985,
...
*MATERIAL,NAME=MAT1
*CONDUCTIVITY,TYPE=ORTHO
1.E � 2,25.E � 4,1.E � 4
*MATERIAL,NAME=MAT2
*CONDUCTIVITY,TYPE=ORTHO
1.E � 4,4.E � 4,1.E � 4
*SOLID SECTION,ELSET=Earea1,MATERIAL=MAT1
*SOLID SECTION,ELSET=Earea2,MATERIAL=MAT2
*INITIAL CONDITIONS,TYPE=TEMPERATURE
Nall,0.
**
*STEP
*HEAT TRANSFER,STEADY STATE
*BOUNDARY
Nup,11,11,8.5344
*BOUNDARY
Ndown,11,11,3.9624
*NODE PRINT,NSET=Nall
NT
*NODE FILE
NT
*EL FILE
HFL
*END STEP

Figure 18: Input deck of the dam problem
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Figure 19: Total head

Figure 20: Discharge velocity in y-direction
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Figure 21: Heat ux in the capacitor’s thermal analogy

...
*NSET,NSET=Nin
1,
2,
...
*NSET,NSET=Nout
57,
58,
...
*SURFACE,NAME=S1,TYPE=ELEMENT
6,S3
1,S3
*MATERIAL,NAME=EL
*CONDUCTIVITY
8.8541878176e-12
*SOLID SECTION,ELSET=Eall,MATERIAL=EL
*STEP
*HEAT TRANSFER,STEADY STATE
*BOUNDARY
Nin,11,11,2.
Nout,11,11,1.
*EL FILE
HFL
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*SECTION PRINT,SURFACE=S1
FLUX
*END STEP

As explained in Section 6.9.13 the capacitance can be calculated by deter-
mining the total heat ux through one of the capacitor’s surfaces due to a unit
temperature di�erence between the surfaces. The material in between the sur-
faces of the capacitor is assigned a conductivity equal to its permittivity. Here,
only one degree of the capacitor has been modeled. In axial direction the mesh is
very coarse, since no variation of the temperature is expected. Figure 21 shows
that the heat ux at the inner radius is 1:27 � 10� 11 W/m2 . This corresponds
to a total heat ow of 7:98� 10 W. The analytical formula for the capacitor yields
2�� 0= ln(2) = 8:0261� 10 C/V.

The total ux through the inner surface S1 is also stored in the .dat �le
because of the *SECTION PRINT keyword card in the input deck. It amounts
to � 2:217 � 10� 12 W. This value is negative, because the ux is entering the
space in between the capacitor’s surfaces. Since only one degree was modeled,
this value has to be multiplied by 360 and yields the same value as above.

5.7 Hydraulic pipe system
In CalculiX it is possible to perform steady-state hydraulic and aerodynamic
network calculations, either as stand-alone applications, or together with me-
chanical and/or thermal calculations of the adjacent structures. Here, a stand-
alone hydraulic network discussed in [10] is analyzed. The input deck pipe.f can
be found in the test suite.

The geometry of the network is shown in Figure 22. It is a linear network
consisting of:

� an upstream reservoir with surface level at 14.5 m

� an entrance with a contraction of 0.8

� a pipe with a length of 5 m and a diameter of 0.2 m

� a bend of 45 o and a radius of 0.3 m

� a pipe with a length of 5 m and a diameter of 0.2 m

� a pipe with a length of 5 m and a diameter of 0.3 m

� a pipe with a length of 2.5 m and a diameter of 0.15 m

� a gate valve in E with � = 0.5

� a pipe with a length of 1.56 m and a diameter of 0.15 m

� an exit in a reservoir with surface level at 6.5 m



5.7 Hydraulic pipe system 45

5.00

5.00

5.00

2.50

A B

C

D

E

F

B: Bend R=0.3 m

AB: Pipe D=0.2 m, Manning n=0.015

BC: Pipe D=0.2 m, Manning n=0.015

DE: Pipe D=0.15 m, Manning n=0.015

EF: Pipe D=0.15 m, Manning n=0.015

45°

1.56

A: A0/A=0.8

E: Gate Valve, alpha=0.5

14.50

10.15

0.00

6.50

CD: Pipe D=0.3 m, Manning n=0.015

Figure 22: Geometry of the hydraulic network

All pipes are characterized by a Manning friction coe�cient n=0.015. The
input deck looks like:

**
** Structure: pipe connecting two reservoirs.
** Test objective: hydraulic network.
**
*NODE,NSET=NALL
2,0.,0.,14.5
3,0.,0.,14.5
4,0.,0.,12.325
...
26,14.9419,0.,6.5
*ELEMENT,TYPE=D,ELSET=EALL
1,0,2,3
2,3,4,5
...
13,25,26,0
*MATERIAL,NAME=WATER
*DENSITY
1000.
*FLUID CONSTANTS
4217.,1750.E-6,273.



46 5 SIMPLE EXAMPLE PROBLEMS

*ELSET,ELSET=E1
2
*ELSET,ELSET=E2
3,5
*ELSET,ELSET=E3
4
*ELSET,ELSET=E4
6
*ELSET,ELSET=E5
7
*ELSET,ELSET=E6
8
*ELSET,ELSET=E7
9,11
*ELSET,ELSET=E8
10
*ELSET,ELSET=E9
12
*ELSET,ELSET=E10
1,13
*FLUID SECTION,ELSET=E1,TYPE=PIPE ENTRANCE,MATERIAL=WATER
0.031416,0.025133
*FLUID SECTION,ELSET=E2,TYPE=PIPE MANNING,MATERIAL=WATER
0.031416,0.05,0.015
*FLUID SECTION,ELSET=E3,TYPE=PIPE BEND,MATERIAL=WATER
0.031416,1.5,45.,0.4
*FLUID SECTION,ELSET=E4,TYPE=PIPE ENLARGEMENT,MATERIAL=WATER
0.031416,0.070686
*FLUID SECTION,ELSET=E5,TYPE=PIPE MANNING,MATERIAL=WATER
0.070686,0.075,0.015
*FLUID SECTION,ELSET=E6,TYPE=PIPE CONTRACTION,MATERIAL=WATER
0.070686,0.017671
*FLUID SECTION,ELSET=E7,TYPE=PIPE MANNING,MATERIAL=WATER
0.017671,0.0375,0.015
*FLUID SECTION,ELSET=E8,TYPE=PIPE GATE VALVE,MATERIAL=WATER
0.017671,0.5
*FLUID SECTION,ELSET=E9,TYPE=PIPE ENLARGEMENT,MATERIAL=WATER
0.017671,1.E6
*FLUID SECTION,ELSET=E10,TYPE=PIPE INOUT,MATERIAL=WATER
*BOUNDARY
3,2,2,1.E5
25,2,2,1.E5
*STEP
*HEAT TRANSFER,STEADY STATE
*DLOAD
EALL,GRAV,9.81,0.,0.,-1.
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*NODE PRINT,NSET=NALL
U
*END STEP

In CalculiX linear networks are modeled by means of 3-node network ele-
ments (D-type elements). In the corner nodes of the element the temperature
and the pressure are unknown. They are assigned to the degrees of freedom
0 and 2, respectively. In the midside node the mass ux is unknown and is
assigned to degree of freedom 1. The properties of the network elements are
de�ned by the keyword *FLUID SECTION. They are treated extensively in
Section 6.4 (gases), 6.5 (liquid pipes) and 6.6 (liquid channels). For the network
at stake we need:

� a dummy network entrance element expressing that liquid is entering the
network (element 1). It is characterized by a node number 0 as �rst node

� a network element of type PIPE ENTRANCE at location A (element 2).
This element also takes the water depth into account. Notice that there is
no special reservoir element. Di�erences in water level can be taken into
account in any element type by assigning the appropriate coordinates to
the corner nodes of the element.

� a network element of type PIPE MANNING for the pipe between location
A and B (element 3)

� a network element of type PIPE BEND for the bend at location B (element
4)

� a network element of type PIPE MANNING for the pipe between location
B and C (element 5)

� a network element of type PIPE ENLARGEMENT for the increase of
diameter at location C (element 6)

� a network element of type PIPE MANNING for the pipe between location
C and D (element 7)

� a network element of type PIPE CONTRACTION to model the decrease
in diameter at location D (element 8)

� a network element of type PIPE MANNING for the pipe between location
D and E (element 9)

� a network element of type PIPE GATE VALVE for the valve at location
E (element 10)

� a network element of type PIPE MANNING for the pipe between location
E and F (element 11)
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� a network element of type PIPE ENLARGEMENT for the exit in the
reservoir (element 12). Indeed, there is no special reservoir entrance ele-
ment. A reservoir entrance has to be modeled by a large diameter increase.

� a dummy network exit element expressing that liquid is leaving the net-
work (element 13)

In the input deck, all these elements are de�ned as D-type elements, their
nodes have the correct coordinates and by means of *FLUID SECTION cards
each element is properly described. Notice that the dummy network entrance
and exit elements are characterized by typeless *FLUID SECTION cards.

For a hydraulic network the material properties reduce to the density (on
the *DENSITY card), the speci�c heat and the dynamic viscosity (both on the
*FLUID SECTION card). The speci�c heat is only needed if heat transfer is
being modeled. Here, this is not the case. The dynamic viscosity of water is
1750 � 10� 6N s/m2 [36]. The boundary conditions reduce to the atmospheric
pressure in node 3 and 25, both at the liquid surface of the reservoir. Remember
that the pressure has the degree of freedom 2 in the corner nodes of the network
elements.

Networks are only active in *COUPLED TEMPERATURE-DISPLACEMENT
or *HEAT TRANSFER procedures. Here, we do not take the structure into ac-
count, so a heat transfer analysis will do. Finally, the gravity loading has to be
speci�ed, this is indeed essential for hydraulic networks. Regarding the nodal
output, remember that NT requests degree of freedom 0, whereas U requests
degrees of freedom 1 to 3. Since we are interested in the mass ux (DOF 1 in
the middle nodes) and the pressure (DOF 2 in the corner nodes), U is selected
underneath the *NODE PRINT line. O�cially, U are displacements, and that’s
the way they are labeled in the .dat �le.

The results in the .dat �le look as follows:

displacements (vx,vy,vz) for set NALL and time 1.

2 8.9592E+01 0.0000E+00 0.0000E+00
3 0.0000E+00 1.0000E+05 0.0000E+00
4 8.9592E+01 0.0000E+00 0.0000E+00
5 0.0000E+00 1.3386E+05 0.0000E+00
6 8.9592E+01 0.0000E+00 0.0000E+00
7 0.0000E+00 1.2900E+05 0.0000E+00
8 8.9592E+01 0.0000E+00 0.0000E+00
9 0.0000E+00 1.2859E+05 0.0000E+00

10 8.9592E+01 0.0000E+00 0.0000E+00
11 0.0000E+00 1.5841E+05 0.0000E+00
12 8.9592E+01 0.0000E+00 0.0000E+00
13 0.0000E+00 1.6040E+05 0.0000E+00
14 8.9592E+01 0.0000E+00 0.0000E+00
15 0.0000E+00 1.9453E+05 0.0000E+00
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16 8.9592E+01 0.0000E+00 0.0000E+00
17 0.0000E+00 1.7755E+05 0.0000E+00
18 8.9592E+01 0.0000E+00 0.0000E+00
19 0.0000E+00 1.8361E+05 0.0000E+00
20 8.9592E+01 0.0000E+00 0.0000E+00
21 0.0000E+00 1.5794E+05 0.0000E+00
22 8.9592E+01 0.0000E+00 0.0000E+00
23 0.0000E+00 1.6172E+05 0.0000E+00
24 8.9592E+01 0.0000E+00 0.0000E+00
25 0.0000E+00 1.0000E+05 0.0000E+00
26 8.9592E+01 0.0000E+00 0.0000E+00

The mass ux in the pipe (�rst DOF in the midside nodes, column 1) is
constant and takes the value 89.592 kg/s. This agrees well with the result in
[10] of 89.4 l/s. Since not all node and element de�nitions are listed it is useful
for the interpretation of the output to know that location A corresponds to node
5, location B to nodes 7-9, location C to nodes 11-13, location D to nodes 15-17,
location E to nodes 19-21 and location F to node 23. The second column in the
result �le is the pressure. It shows that the bend, the valve and the contraction
lead to a pressure decrease, whereas the enlargement leads to a pressure increase
(the velocity drops).

If the structural side of the network (e.g. pipe walls) is modeled too, the
uid pressure can be mapped automatically onto the structural element faces.
This is done by labels of type PxNP in the *DLOAD card.

5.8 Lid-driven cavity
The lid-driven cavity is a well-known benchmark problem for viscous incom-
pressible uid ow [104]. The geometry at stake is shown in Figure 23. We are
dealing with a square cavity consisting of three rigid walls with no-slip condi-
tions and a lid moving with a tangential unit velocity. The lower left corner has
a reference static pressure of 0. We are interested in the velocity and pressure
distribution for a Reynolds number of 400.

**
** Structure: lid-driven cavity.
** Test objective: incompressible, viscous, laminar, 3D fl uid flow
**
*NODE,NSET=Nall
1,0.00000,0.00000,0.
...
*ELEMENT,TYPE=F3D6,ELSET=Eall
1,1543,1626,1624,3918,4001,3999
...
*NSET,NSET=Nin
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Figure 23: Geometry of the lid-driven cavity
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Figure 24: Mesh of the lid-driven cavity

1774,
...
*NSET,NSET=Nwall
1,
...
*NSET,NSET=N1
1374,
...
*BOUNDARY
Nall,3,3,0.
Nwall,1,2,0.
Nin,2,2,0.
1,8,8,0.
2376,8,8,0.
*MATERIAL,NAME=WATER
*DENSITY
1.
*FLUID CONSTANTS
1.,.25E-2,293.
*SOLID SECTION,ELSET=Eall,MATERIAL=WATER
*INITIAL CONDITIONS,TYPE=FLUID VELOCITY
Nall,1,0.
Nall,2,0.
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Nall,3,0.
*INITIAL CONDITIONS,TYPE=PRESSURE
Nall,0.
**
*STEP,INCF=20000
*CFD,STEADY STATE
*BOUNDARY
Nin,1,1,1.
*NODE FILE,FREQUENCYF=200
VF,PSF
*END STEP

The input deck is listed above (this deck is also available in the uid test
suite as �le lid400.inp). Although the problem is essentially 2-dimensional it was
modeled as a 3-dimensional problem with unit thickness since 2-dimensional
uid capabilities are not available in CalculiX. The mesh (2D projection) is
shown in Figure 24. It consists of 6-node wedge elements. There is one element
layer across the thickness. This is su�cient, since the results do not vary in
thickness direction. The input deck starts with the coordinates of the nodes and
the topology of the elements. The element type for uid volumetric elements is
the same as for structural elements with the C replaced by F (uid): F3D6. The
nodes making up the lid and those belonging to the no-slip walls are collected
into the nodal sets Nin and Nwall, respectively. The nodal set N1 is created for
printing purposes. It contains a subset of nodes close to the lid.

The homogeneous boundary conditions (i.e. those with zero value) are listed
next underneath the *BOUNDARY keyword: The velocity in all nodes in z-
direction is zero, the velocity at the walls is zero (no-slip condition) as well as
the normal velocity at the lid. Furthermore, the reference point in the lower
left corner of the cavity has a zero pressure (node 1 and its corresponding node
across the thickness 2376). The material de�nition consists of the density, the
heat capacity and the dynamic viscosity. The density is set to 1. The heat capac-
ity and dynamic viscosity are entered underneath the *FLUID CONSTANTS
keyword. The heat capacity is not needed since the calculation is steady state,
so its value here is irrelevant. The value of the dynamic viscosity was chosen
such that the Reynolds number is 400. The Reynolds number is de�ned as
velocity times length divided by the kinematic viscosity. The velocity of the
lid is 1, its length is 1 and since the density is 1 the kinematic and dynamic
viscosity coincide. Consequently, the kinematic viscosity takes the value 1/400.
The material is assigned to the elements by means of the *SOLID SECTION
card.

The unknowns of the problem are the velocity and static pressure. No ther-
mal boundary conditions are provided, so the temperature is irrelevant. All
initial values for the unknowns are set to 0 by means o the *INITIAL CONDI-
TIONS,TYPE=FLUID VELOCITY and *INITIAL CONDITIONS,TYPE=PRESSURE
cards. Notice that for the velocity the initial conditions have to be speci�ed for
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Figure 25: x-component of the velocity in the lid-driven cavity

each degree of freedom separately.

The step is as usual started with the *STEP keyword. The maximum num-
ber of increments, however, is for uid calculations governed by the parameter
INCF. For steady state uid calculations the keyword *CFD,STEADY STATE
is to be used. The values underneath this line are not relevant for uid calcula-
tions, since the increment size is automatically chosen such that the procedure
is stable. The nonzero tangential velocity of the lid is entered underneath the
*BOUNDARY card. Recall that non-homogeneous (i.e. nonzero) boundary
conditions have to be de�ned within a step. The step ends with a nodal print
request for the velocity VF and the static pressure PS. The printing frequency
is de�ned to be 200 by means of the FREQUENCYF parameter. This means,
that results will be stored every 200 increments.

The velocity distribution in x-direction (i.e. the direction tangential to the
lid) is shown in Figure 25. The smallest value (-0.33) and its location agree
very well with the results in [104]. Figure 26 shows a vector plot of the velocity.
Near the lid there is a large gradient, in the lower left and lower right corner
are dead zones. The pressure plot (Figure 27) reveals a low pressure zone in the
center of the major vortex and in the left upper corner. The right upper corner
is a stagnation point for the x-component of the velocity and is characterized
by a signi�cant pressure built-up.
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Figure 26: Velocity distribution in the lid-driven cavity

Figure 27: Pressure distribution in the lid-driven cavity
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Figure 28: Velocity across the space in between the plates for di�erent times

5.9 Transient laminar incompressible Couette problem
Another well-known problem is the incompressible laminar ow between two
parallel plates. At time zero both plates are at rest, whereas at positive times
one of the plates is moved parallel to the other plate with a velocity of 1. The an-
alytical solution can be found in [78] in the form of a series expansion containing
the complementary error function erfc. In the steady state regime the velocity
pro�le is linear across the space in between the plates. The velocity pro�les at
di�erent times are shown in Figure 28 and compared with the analytical solution
for a unity distance between the plates and a kinematic viscosity � = 1. The
input deck for the CalculiX results can be found in the test suite (couette1.inp).
The �gure shows a good agreement between the numerical and analytical values,
indicating that the time integration in the CFD-implementation in CalculiX is
correct. The small deviations at small times are due to the rather course mesh.

5.10 Stationary laminar inviscid compressible airfoil ow
In [72] the results of CFD-calculations for several airfoils are reported. Here,
the computations for M 1 = 1:2 (Mach number at in�nity) and � = 7: (angle
of attack) are reported. The input deck for this calculation can be found in the
uid examples test suite for the Finite Element Method (agard05.inp).

To explain the di�erences in the input deck between incompressible and com-
pressible ow the crucial section from the compressible input deck is reproduced
below.

*EQUATION
2
3,2,-0.99030509E+00,3,1,-0.13890940E+00
2
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Figure 29: Mesh for the naca012 airfoil ow

Figure 30: Mach number in the naca012 airfoil ow
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Figure 31: Pressure coe�cient in the naca012 airfoil ow

3756,2,-0.99030509E+00,3756,1,-0.13890940E+00
...
*MATERIAL,NAME=AIR
*CONDUCTIVITY
0.
*FLUID CONSTANTS
1.,0.,293.
*SPECIFIC GAS CONSTANT
0.285714286d0
*SOLID SECTION,ELSET=Eall,MATERIAL=AIR
*PHYSICAL CONSTANTS,ABSOLUTE ZERO=0.
*INITIAL CONDITIONS,TYPE=FLUID VELOCITY
Nall,1,0.99254615
Nall,2,0.12186934
Nall,3,0.d0
*INITIAL CONDITIONS,TYPE=PRESSURE
Nall,0.49603175
*INITIAL CONDITIONS,TYPE=TEMPERATURE
Nall,1.73611111
*VALUES AT INFINITY
1.73611111,1.,0.49603175,1.,1.
**
*STEP,INCF=200000,SHOCK SMOOTHING=0.01
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*CFD,STEADY STATE,COMPRESSIBLE
1.,1.
*BOUNDARY
BOU1,11,11,1.73611111
BOU1,1,1,0.99254615
BOU1,2,2,0.12186934
BOU1,8,8,0.49603175
Nall,3,3,0.
*NODE FILE,FREQUENCYF=40000
VF,PSF,CP,TSF,TTF,MACH
*END STEP

Since for compressible ow the temperature, velocity and pressure are linked
through the ideal gas equation, the energy conservation equation is always used
and the de�nition of the thermal conductivity and speci�c heat is mandatory.
Inviscid ow is triggered by the de�nition of a zero viscosity and a zero thermal
conductivity (therefore, the viscous terms in the conservation of momentum
and conservation of energy equation disappear). Slip boundary conditions at
the airfoil surface are realized through equations. The speci�c gas constant is
de�ned with the appopriate keyword. It only depends on the kind of gas and not
on the temperature. The physical constants card is used to de�ne absolute zero
for the temperature scale. This information is needed since the temperature
in the gas equation must be speci�ed in Kelvin. Initial conditions must be
speci�ed for the velocity, pressure and temperature. Careful selection of these
values can shorten the computational time. The values at in�nity (de�ned with
the *VALUES AT INFINITY card) are used to calculate the pressure coe�cient
Cp = (p � pinf )=( 1

2 � inf V 2
inf ). In viscous calculations they can be used for the

computation of the friction coe�cient too. The smoothing parameter on the
*STEP card is used to de�ne shock smoothing and will be discussed further
down.

The COMPRESSIBLE parameter on the *CFD card indicates that this is
a compressible CFD calculation. The consequence of this is that the ideal gas
equation is used to link the density, pressure and temperature. Therefore, no
*DENSITY card should be present in the input deck, and the *SPECIFIC GAS
CONSTANT card is required. The use of the STEADY STATE parameter tells
CalculiX that the calculation is stationary. Instationary calculations are trig-
gered by dropping this parameter. In reality, all CFD-calculations in CalculiX
are instationary. The STEADY STATE parameter, however, forces the calcula-
tions to be pursued until steady state is reached (so the time used is virtual) or
until the maximum number of subincrements (parameter INCF on the *STEP
card) is reached. Transient calculations stop as soon as the �nal time is reached
(the time is real).

In compressible calculations shock smoothing is frequently needed in order
to avoid divergence. Shock smoothing, however, can change the solution. There-
fore, the shock smoothing coe�cient, which can take values between 0. and 2.,
should be chosen as small as possible. For the agard05 example a value of 0.01
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was needed. In general, additional viscosity will reduce the shock smoothing
needed to avoid divergence. There is a second e�ect of the shock smoothing
coe�cient: there is no clear steady state convergence any more. In order to
understand this some additional information about the way CFD-calculations
in CalculiX are performed is needed. The initial increment size which is spec-
i�ed by the user underneath the *CFD card is a mechanical increment size.
For each mechanical increment an instationary CFD-calculation is performed
subject to the actual loads (up to steady state for a STEADY STATE calcu-
lation). For this CFD-calculation subincrements are used, the size of which
depends on the physical characteristics of the ow (viscosity, heat conductivity
etc.). They are determined such that stability is assured (or at least very likely).
In CalculiX, steady state convergence is detected as soon as the change in the
conservative variables (�; �u; �v etc.) from subincrement to subincrement does
not exceed 10:� 8 times the actual values of these variables. In calculations with
a nonzero shock smoothing coe�cient the change in variables at �rst decreases
down to a certain level about which it oscillates erraticaly. Therefore, it is likely
that convergence will never be detected. The change in the conservative vari-
ables is stored in a �le with the name jobname.fcv (assuming the input deck
to be jobname.inp). The user may force convergence by limiting the number of
subincrements with the INCF parameter on the *STEP card. As soon as INCF
subincrements are calculated the CFD-calculation is assumed to be �nished and
the next mechanical increment is started.

The smoothing coe�cient may be further reduced by choosing smaller CFD
subincrements. The �fth entry underneath the *CFD-card is the factor by which
the CFD increment size calculated based on physical parameters such as viscos-
ity and local velocity is divided. Default is 1.25 for compressible calculatons and
1. for incompressible calculations. The factor cannot be less than the default.
For instance, a factor of 5. implies that the time increment is chosen as 20 % of
the physically based time increment. Larger factors will decrease the need for
shock smoothing but also linearly increase the computational time.

If the calculation diverges, the shock smoothing coe�cient is set to 0.001 if
it was zero before, and to twice its value else, and the calculation is repeated.
If the value exceeds 2 the calculation is stops with an error message. Shock
smoothing is only used for compressible calculations.

Figure 29 shows the mesh used for the agard05 calculation. It consists of
linear wedge elements. In CalculiX, only linear elements (tetrahedra, hexahedra
or wedges) are allowed for CFD-calculations. It is �ner along the airfoil (but not
as �ne as needed to capture the boundary layer in viscous calculations). Figures
30 and 31 show the Mach number and the pressure coe�cient, respectively. The
maximum Mach number in [72] is about 1.78, the maximum pressure coe�cient
is about -0.55. This agrees well with the present results. Increasing the shock
smoothing coe�cient leads to smoothing fringe plots, however, the actual values
become worse.

The total temperature for this calculation (not shown here) was nearly con-
stant. Recall that the total change of the total temperature along a stream line
is given by:
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Figure 32: Mach number for the Carter problem

D�c pTt

Dt
= (t lm vm );l � r � q + �h � +

@p
@t

+ �f m vk � mk : (1)

The terms on the right hand side correspond to the viscous work (zero), the
heat ow (zero, since the heat conduction coe�cient is zero), the heat introduced
per unit mass (zero), the change in pressure (zero in the steady state regime)
and the work by external body forces (zero).

5.11 Laminar viscous compressible compression corner ow
This benchmark example is described in [15]. The input deck for the CalculiX
computation is called carter 10deg mach3.inp and can be found in the uid test
example suite. The ow is entering at Mach 3 parallel to a plate of length
16.8 after which a corner of 10� arises. The Reynolds number based on a unit
length is 1000., which yields for a unit velocity a dynamic viscosity coe�cient
� = 10� 3. No units are speci�ed: the user can choose appropriate consistent
units. Choosing cp = 1 and � = 1:4 leads to a speci�c gas constant r = 0:286.
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Figure 33: velocity pro�le across the ow for the Carter problem
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Figure 34: Static pressure at the wall for the Carter problem
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Figure 35: Pressure coe�cient for laminar viscous ow about a naca012 airfoil

The selected Mach number leads to an inlet temperature of T = 0:278. The
ideal gas law yields a static inlet pressure of p = 0:0794 (assuming an unit
inlet density). The wall is assumed to be isothermal at a total temperature of
Tt = 0:778. Finally, the assumed Prandl number (Pr=�c p=� ) of 0.72 leads to a
conduction coe�cient of 0.00139.

A very �ne mesh with about 425,000 nodes was generated, gradually �ner
towards the wall (y+ = 0:885 for the closest node near the wall at L=1 from the
inlet, where y+ = u� y=� and u� =

p
�=� ; y is the distance from the wall and �

is the shear stress parallel to the wall ). The Mach number is shown in Figure
32. The shock wave emanating from the front of the plate and the separation
and reattachment compression fan at the kink in the plate are cleary visible.
One also observes the thickening of the boundary layer near the kink leading
to a recirculation zone. Figure 33 shows the velocity component parallel to the
inlet plate orientation across a line perpendicular to a plate at unit length from
the entrance. One notices that the boundary layer in the CalculiX calculation
is smaller than in the Carter solution. This is caused by the temperature-
independent viscosity. Applying the Sutherland viscosity law leads to the same
boundary layer thickness as in the reference. In CalculiX, no additional shock
smoothing was necessary. Figure 34 plots the static pressure at the wall relative
to the inlet pressure versus a normalized plate length. The reference length for
the normalization was the length of the plate between inlet and kink (16.8 unit
lengths). So the normalized length of 1 corresponds to the kink. There is a good
agreement between the CalculiX and the Carter results, apart from the outlet
zone, where the outlet boundary conditions inuence the CalculiX results.
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Figure 36: Friction coe�cient for laminar viscous ow about a naca012 airfoil

5.12 Laminar viscous compressible airfoil ow

A further example is the laminar viscous compressible ow about a naca012 air-
foil. Results for this problem were reported by [58]. The entrance Mach number
is 0.85, the Reynolds number is 2000. Of interest is the steady state solution.
In CalculiX this is obtained by performing a transient CFD-calculation up to
steady state. The input deck for this example is called naca012 visc mach0.85.inp
and can be found amoung the CFD test examples. Basing the Reynolds num-
ber on the unity chord length of the airfoil, a unit entrance velocity and a unit
entrance density leads to a dynamic viscosity of � = 5 � 10� 4. Taking cp = 1
and � = 1:4 leads to a speci�c gas constant r = 0:2857 (all in consistent units).
Use of the entrance Mach number determines the entrance static temperature
to be Ts = 3:46. Finally, the ideal gas law leads to a entrance static pressure of
ps = 0:989. Taking the Prandl number to be 1 determines the heat conductivity
� = 5� 4. The surface of the airfoil is assumed to be adiabatic.

The results for the pressure and the friction coe�cient at the surface of
the airfoil are shown in Figures 35 and 36, respectively, as a function of the
shock smoothing coe�cient. The pressure coe�cient is de�ned by cp = (p �
p1 )=(0:5� 1 v2

1 ), where p is the local static pressure, p1 , � 1 and v1 are the
static pressure, density and velocity at the entrance, respectively. Figure 35
shows that the result for a shock smoothing coe�cient of 0.004, which is the
smallest value not leading to divergence is in between the results reported by
Cambier and Mittal. The friction coe�cient is de�ned by � w =(0:5� 1 v2

1 ), where
� w is the local shear stress. The CalculiX results with a shock smoothing coef-
�cient of 0.004 are smaller than the ones reported by Mittal. The cf -peak at
the front of the airfoil is also somewhat too small: the literature result is 0.17,
the CalculiX peak reaches only up to 0.15. The shock coe�cient is already very
small and it is the smallest feasible value for this mesh anyway, so decreasing
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Figure 37: Water depth in a channel with hydraulic jump

the shock coe�cient, which would further increase the peak, is not an option.
A too coarse mesh density at that location may also play a role.

5.13 Channel with hydraulic jump
That open channel ow can be modeled as a one-dimensional network is maybe
not so well known. The governing equation is the Bresse equation (cf. Section
6.9.18) and the available uid section types are listed in Section 6.6.

The input deck for the present example is shown below.

**
** Structure: channel connecting two reservoirs.
** Test objective: steep slope, frontwater - jump -
** backwater curve
**
*NODE,NSET=NALL
1,0.,0.,0.
2,1.,0.,0.
4,3.,0.,0.
6,5.,0.,0.
7,6.,0.,0.
8,7.,0.,0.
9,8.,0.,0.
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10,9.,0.,0.
11,10.,0.,0.
*ELEMENT,TYPE=D,ELSET=EALL
1,0,1,2
2,2,4,6
4,6,7,8
5,8,9,10
6,10,11,0
*MATERIAL,NAME=WATER
*DENSITY
1000.
*FLUID CONSTANTS
4217.,1750.E-6,273.
*ELSET,ELSET=E1
1,6
*ELSET,ELSET=E2
2
*ELSET,ELSET=E4
4
*ELSET,ELSET=E5
5
*FLUID SECTION,ELSET=E1,TYPE=CHANNEL INOUT,MATERIAL=WATER
*FLUID SECTION,ELSET=E2,TYPE=CHANNEL SLUICE GATE,MANNING,MATERIAL=WATER
10.,0.,0.1,0.005,0.01,0.8
*FLUID SECTION,ELSET=E4,TYPE=CHANNEL STRAIGHT,MANNING,MATERIAL=WATER
10.,0.,49.8,0.005,0.01
*FLUID SECTION,ELSET=E5,TYPE=CHANNEL RESERVOIR,MANNING,MATERIAL=WATER
10.,0.,0.1,0.005,0.01
*BOUNDARY
10,2,2,2.7
*BOUNDARY,MASS FLOW
1,1,1,60000.
*STEP
*HEAT TRANSFER,STEADY STATE
*DLOAD
EALL,GRAV,9.81,0.,0.,-1.
*NODE PRINT,NSET=NALL
U
*END STEP

It is one of the examples in the CalculiX test suite (channel3). The channel
is made up of �ve 3-node network elements (type D) in one long line. The nodes
have �ctitious coordinates. They do not enter the calculations, however, they
are listed in the .frd �le. For a proper visualization with CalculiX GraphiX it
may be advantageous to use the correct coordinates. As usual in networks, the
�nal node of the entry and exit element have the label zero. The material is
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water and is characterized by its density, heat capacity and dynamic viscosity.
Next, the elements are stored in appropriate sets (by using *ELSET) for the
sake of referencing in the *FLUID SECTION card.

The structure of the channel becomes apparent when analyzing the *FLUID
SECTION cards: upstream there is a sluice gate, downstream there is a large
reservoir and both are connected by a straight channel. The sluice gate is
described by its width (10 m), a trapezoid angle � = 0 (i.e. the cross section
is rectangular) and a slope S0 of 0.005. Since the parameter MANNING has
been used on the *FLUID SECTION card, the next parameter (0.01 m� 1=3s)
is the Manning coe�cient. Finally, the gate height is 0.8 m. The slope and
the Manning coe�cient are needed to calculate the critical and the normal
depth and should be the same as in the downstream straight channel element.
The constants for the straight channel element can be checked in Section 6.6.
Important here is the length of 49.8 m. The last element, the reservoir, is again
a very short element (length 0.1 m).

Next, the boundary conditions are de�ned: the reservoir uid depth is 2.7
m, whereas the mass ow is 60000 kg=s. Network calculations in CalculiX are
a special case of steady state heat transfer calculations, therefore the *HEAT
TRANSFER, STEADY STATE card is used. The prevailing force is gravity.

When running CalculiX a message appears that there is a hydraulic jump
at relative location 0.67 in element 4 (the straight channel element). This is
also clear in Figure 37, where the channel has been drawn to scale. The sluice
gate is located at x=5 m, the reservoir starts at x=55 m. The bottom of the
channel is shaded black. The water level behind the gate was not prescribed
and is one of the results of the calculation: 3.667 m. The water level at the gate
is controlled by its height of 0.8 m. A frontwater curve (i.e. a curve controlled
by the upstream conditions - the gate) develops downstream and connects to
a backwater curve (i.e. a curve controlled by the downstream conditions - the
reservoir) by a hydraulic jump at a x-value of 38.5 m. In other words, the jump
connects the upstream supercritical ow to the downstream subcritical ow.
The critical depth is illustrated in the �gure by a dashed line. It is the depth
for which the Froude number is 1: critical ow.

In channel ow, the degrees of freedom for the mechanical displacements are
reserved for the mass ow, the water depth (the component in direction of the
gravity vector, not the depth orthogonal to the channel oor, since the latter
quantity is discontinuous at the location of a slope change) and the critical
depth, respectively. Therefore, the option U underneath the *NODE PRINT
card will lead to exactly this information in the .dat �le. The same information
can be stored in the .frd �le by selecting MF, DEPT and HCRI underneath the
*NODE FILE card.

5.14 Cantilever beam using beam elements
Previously, a thick cantilever beam was modeled with volume elements. In the
present section quadratic beam elements are used for a similar exercise (Section
6.2.33). Beam elements are easy to de�ne: they consist of three nodes on a line.



5.14 Cantilever beam using beam elements 67

100 mm

x

z

1 N
2 mm

2 mm

cross section

a

b

c

x

z

y

Figure 38: Geometry of the beam

Internally, they are expanded into volumetric elements. There are two types
of beam elements: B32 elements, which are expanded into C3D20 elements,
and B32R (reduced integration) elements, which are expanded into C3D20R
elements. Based on the results in the present section, the B32R element is
highly recommended. The B32 element, on the other hand, should be avoided
especially if section forces are needed.

The �rst cantilever beam which is looked at is 100 mm long and has a square
cross section of 2 x 2 mm2. The axis of the beam is along the global z-direction.
This beam is modeled with just one element and loaded at its end by a unit force
in x-direction, Figure 38. We are interested in the stresses at integration point a
and at node b, the section forces at the beam’s �xed end, and the displacement
in x at the free end. The location of the integration point a is at x = � 1=

p
3,

y = 1=
p

3 and z = 50(1 + 1=
p

3), the nodal coordinates of b are x = � 1, y = 1
and z = 100 [20]. The material is isotropic linear elastic with a Young’s modulus
of 100,000 MPa and a Poisson’s ratio of 0.3.

The input deck for this example is very similar to the simplebeam.inp ex-
ample in the test suite:

**
** Structure: cantilever beam, one element
** Test objective: B32R elements.
**
*NODE,NSET=Nall
1, 0, 0, 0
2, 0, 0, 50
3, 0, 0, 100
*ELEMENT,TYPE=B32R,ELSET=EAll
1,1,2,3
*BOUNDARY
3,1,6
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*MATERIAL,NAME=ALUM
*ELASTIC
1E7,.3
*BEAM SECTION,ELSET=EAll,MATERIAL=ALUM,SECTION=RECT
2.,2.
1.d0,0.d0,0.d0
*STEP
*STATIC
*CLOAD
1,1,1.
*EL PRINT,ELSET=Eall
S
*NODE FILE
U
*EL FILE,SECTION FORCES
S,NOE
*END STEP

The stresses at the integration points are obtained by a *EL PRINT card,
the stresses at the nodes by the OUTPUT=3D option (default) on the *EL FILE
card, whereas for the section forces the SECTION FORCES option on the same
card is used (this option is mutually exclusive with the OUTPUT=3D option).
The displacements are best obtained in the non-expanded view, i.e. using the
OUTPUT=2D option. This means that for the present results the example
had to be run twice: once with the OUTPUT=3D option and once with the
SECTION FORCES option.

The results are summarized in Table 3. The f mm; N; s; Kg system is used.
The reference results are analytical results using simple beam theory [71]. The
agreement is overwhelming. The stresses at the integration points match ex-
actly, so do the extrapolated normal stresses to the nodes. The shear stresses
need special attention. For a beam the shear stress varies parabolically across
the section. A quadratic volumetric element can simulate only a linear stress
variation across the section. Therefore, the parabolic variation is approximated
by a constant shear stress across the section. Since the reduced integration
points (at � 1=

p
3) happen to be points at which the parabolic stress variation

attains its mean value the values at the integration points are exact! The ex-
trapolated values to the nodes take the same constant value and are naturally
wrong since the exact value at the corners is zero.

The section forces are obtained by

1. calculating the stresses at the integration points (inside the element, such
as integration point a)

2. extrapolating those stresses to the corner nodes (such as node b)

3. calculating the stresses at the middle nodes by interpolation between the
adjacent corner nodes
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Table 3: Results for the square section beam subject to bending (1 element).

result value reference
� zz (a) 34.151 34.151
� xz (a) -0.25 -0.25

Fxx -1. -1.
M yy 100. 100.

� zz (b) 75. 75.
� xz (b) -0.25 0.

ux 2.25 2.50

Table 4: Results for the square section beam subject to bending (5 elements).

result value reference
� zz (a) 41.471 41.471
� xz (a) -0.25 -0.25

Fxx -1. -1.
M yy 100. 100.

� zz (b) 75. 75.
� xz (b) -0.25 0.

ux 2.44 2.50

4. interpolating the stresses at all nodes within a section face onto the re-
duced integration points within the face (such as integration point c, using
the shape functions of the face)

5. integrating these stresses numerically.

As shown by Table 3 this procedure yields the correct section forces for the
square beam.

The displacements at the beam tip are o� by 10 %. The deformation of a
beam subject to a shear force at its end is third order, however, the C3D20R
element can only simulate a quadratic behavior. The deviation is reduced to
2.4 % by using 5 elements (Table 4). Notice that integration point a is now
closer to the �xation (same position is before but in the element adjacent to the
�xation).

The same beam was now subjected to a torque of 1 Nmm at its free end.
The results are summarized in Table 5.

The torque is matched perfectly, the torsion at the end of the beam (uy is
the displacement in y-direction at the corresponding node of node b) is o� by 15
% [71]. The shear stresses at node b are de�nitely not correct (there is no shear
stress at a corner node), however, the integration of the values interpolated from
the nodes at the facial integration points yields the exact torque! Using more
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Table 5: Results for the square section beam subject to torsion (1 element).

result value reference
� xz (a) -0.21651 -
� yz (a) -0.21651 -
M zz 1. 1.

� xz (b) -0.375 0
� yz (b) -0.375 0

uy 9:75 � 10� 4 1:1525 � 10� 3

Table 6: Results for the circular section beam subject to bending (1 element).

result value reference
� zz (a) 34.00 52.26
� xz (a) -0.322 -0.318

Fxx -0.99996 -1.
M yy 58.7 100.

� zz (b) 62.8 90.03
� xz (b) -0.322 -0.318

ux 2.91 4.24

elements does not change the values in Table 5.
The same exercise is now repeated for a circular cross section (radius = 1

mm, same length, boundary conditions and material data as for the rectangular
cross section). For such a cross section the vertex nodes of the element lie
at x; y = � 0:7071; � 0:7071, whereas the middle nodes lie at x; y = 0; � 1 and
x; y = � 1; 0. The integration points are located at x; y = � 0:5210. The results
for bending with just one element are shown in Table 6 and with 5 elements in
Table 7.

For just one element the shear stress is quite close to the analytical value,
leading to a even better match of the shear force. This is remarkable an can
only be explained by the fact that the cross area of the piecewise quadratic
approximation of the circular circumference is smaller and exactly compensates
the slightly higher shear stress. A similar e�ect will be noticed for the torque.
The normal stress, however, is far o� at the integration points as well as at the
nodes leading to a bending moment which is way too small. The same applies
to the deformation in x-direction. Using �ve elements leads to a signi�cant
improvement: the bending moment is only 2 % o�, the deformation at the free
end 9 %. Here again one can argue that the deformation is of cubic order,
whereas a quadratic element can only simulate a quadratic change. Using more
elements consequently improves the results.

The results for a torque applied to a circular cross section beam is shown in
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Table 7: Results for the circular section beam subject to bending (5 elements).

result value reference
� zz (a) 59.77 63.41
� xz (a) -0.322 -0.318

Fxx -0.99996 -1.
M yy 102. 100.

� zz (b) 109. 90.03
� xz (b) -0.322 -0.318

ux 3.86 4.24

Table 8: Results for the circular section beam subject to torsion (1 element).

result value reference
� xz (a) -0.309 -0.331
� yz (a) -0.309 -0.331
M zz 0.999994 1.

� xz (b) -0.535 -0.450
� yz (b) -0.535 -0.450

uy 1:54 � 10� 3 1:66 � 10� 3

Table 8 (1 element; the results for 5 elements are identical).
Again, it is remarkable that the torque is perfectly matched, although the

shear stress at the integration points is 6 % o�. This leads to shear values at the
vertex nodes which are 19 % o�. Interpolation to the facial integration points
yields shear stresses of -0.305 MPa. Integration of these stresses �nally leads to
the perfect torque values. The torsion angle at the end of the beam is 7 %o�.

Summarizing, one can state that the use of C3D20R elements leads to quite
remarkable results:

� For a rectangular cross section:

{ the section forces are correct

{ the stresses at the integration points are correct

{ the displacements for bending are correct, provided enough elements
are used

{ the torsion angle is somewhat o� (15 %).

� For a circular cross section:

{ the shear force and torque section forces are correct
{ the bending moment is correct if enough elements are used
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{ the displacements for bending are correct, provided enough elements
are used

{ the torsion angle is somewhat o� (7 %).

It is generally recommended to calculate the stresses from the section forces.
The only drawback is the C3D20R element may lead to hourglassing, leading to
weird displacements. However, the mean of the displacements across the cross
section is usually �ne. An additional problem which can arise is that nonlinear
geometric calculations may not converge due to this hourglassing. This is reme-
died in CalculiX by slightly perturbing the coordinates of the expanded nodes
(by about 0.1 %).

A similar exercise was performed for the B32 element, however, the results
were quite discouraging. The section forces were, especially for bending, way
o�.

5.15 Reinforced concrete cantilever beam
Purpose of this exercise is to calculate the stresses in a reinforced concrete
cantilever beam due to its own weight. Special issues in this type of problem are
the treatment of the structure as a composite and the presence of a compression-
only material (the concrete).

The input deck runs like:

*NODE, NSET=Nall
1,1.000000000000e+01,0.000000000000e+00,0.000000000000e+00

...
*ELEMENT, TYPE=S8R, ELSET=Eall

1, 1, 2, 3, 4, 5, 6, 7, 8
2, 2, 9, 10, 3, 11, 12, 13, 6

...
** Names based on left
*NSET,NSET=Nleft
49,
50,
52,
** Names based on right
*NSET,NSET=Nright
1,
4,
8,
*MATERIAL,NAME=COMPRESSION_ONLY
*USER MATERIAL,CONSTANTS=2

1.4e10, 1.e5
*DENSITY
2350.
*MATERIAL,NAME=STEEL
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*ELASTIC
210000.e6,.3
*DENSITY
7800.
*SHELL SECTION,ELSET=Eall,COMPOSITE
.09,,COMPRESSION_ONLY
.01,,STEEL
.1,,COMPRESSION_ONLY
.1,,COMPRESSION_ONLY
.1,,COMPRESSION_ONLY
.1,,COMPRESSION_ONLY
.1,,COMPRESSION_ONLY
.1,,COMPRESSION_ONLY
.1,,COMPRESSION_ONLY
.1,,COMPRESSION_ONLY
.1,,COMPRESSION_ONLY
*BOUNDARY
Nleft,1,6
*STEP,NLGEOM
*STATIC
1.,1.
*DLOAD
Eall,GRAV,9.81,0.,0.,-1.
*NODE FILE
U
*EL FILE
S
*END STEP

The beam has a cross section of 1 x 1 m2 and a length of 10 m. The density
of concrete is 2350 kg=m3, whereas the density of steel is 7800 kg=m3. The
Young’s moduli are 14000 MPa and 210000 MPa, respectively. Steel is provided
only on the top of the beam (tension side of the beam) at a distance of 9.5
cm from the upper surface. Its layer thickness is 1 cm (in reality the steel is
placed within the concrete in the form of bars. The modeling as a thin layer is
an approximation. One has to make sure that the complete section of the bars
equals the section of the layer). Using the composite feature available for shell
structures signi�cantly simpli�es the input. Notice that this feature is not (yet)
available for beam elements. Consequently the beam was modeled as a plate
with a width of 1 m and a length of 10 m. Underneath the *SHELL SECTION
card the thickness of the layers and their material is listed, starting at the top of
the beam. The direction (from top to bottom) is controlled by the direction of
the normal on the shell elements (which is controlled by the order in which the
elements’ nodes are listed underneath the *ELEMENT card). In a composite
shell there are two integration points across each layer. Use of the S8R element
or S6 element is mandatory. In order to capture the location of the neutral axis
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Figure 39: Axial stress across the height of the beam at the �xed end

several layers were used to model the concrete part of the section (in total 10
layers for the concrete and 1 for the steel).

Concrete cannot sustain tension whereas it is largely linear elastic under pres-
sure. This can be modeled with the COMPRESSION ONLY material model. In
CalculiX this is an example of a user material. The name of user materials has
to start with a �xed character set, in this case "COMPRESSION ONLY". The
remaining 64 characters (a material name can be at most 80 characters long) can
be freely chosen. In the present input deck no extra characters were selected.
Choosing extra characters is needed if more than 1 compression-only material
is present (in order to distinguish them). The "COMPRESSION ONLY" ma-
terial is characterized by 2 constants, the �rst is Young’s modulus, the second
is the maximum tensile stress the user is willing to allow, in our case 0.1 MPa
(SI-units are used).

Using simple beam theory ([63]) leads to a tensile stress of 152.3 MPa in
the steel and a maximum compressive stress of 7.77 MPa at the lower edge of
the concrete. The �nite element calculation (Figure 39) predicts 152 MPa and
7.38 MPa, respectively, which is quite close. In CalculiX, the graphical output
of composite structures is always expanded into three dimensions. In Figure 40
one notices the correct dimension of the composite and the high tensile stresses
in the thin steel layer.
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Figure 40: Axial stress across the height of the beam at the �xed end

Figure 41: Maximum principal stress in the deformed sheet
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Figure 42: Shear stress in the isotropic simulation

5.16 Wrinkling of a thin sheet

The input decks for this problem can be found in the test suite as leifer1.inp
and leifer2.inp. It was �rst devised by J. Leifer in 2003. The structure is a
thin square sheet with an edge length of 229 mm and a thickness of 0.0762
mm. It is �xed on one side and moved parallel to this side on the opposite side
by 1 mm. Young’s modulus and Poisson’s coe�cient are 3790 MPa and 0.38,
respectively. Experimental evidence points to the creation of wrinkles due to
this shear deformation.

Here, two approaches are described to simulate this experiment. In both
cases the sheet is simulated using quadratic shell elements. In the �rst simulation
(leifer1) the material is considered as a linear elastic isotropic material, and
wrinkling occurs due to natural buckling processes in the sheet. To enhance
this buckling, the coordinates in the direction perpendicular to the sheet (this
is the z-direction in our simulation) are slightly perturbed in a aleatoric way
(look at the coordinates in the input deck to verify this). Furthermore, the
simulation is performed in a dynamic procedure starting with very small time
steps. Figure 41 shows the maximum principal stress in the deformed sheet
(the edge at x=0 was �xed, the edge at x=229 was moved 1 mm in negative
y-direction). One nicely notices the wrinkles. A look at the smallest principal
stress shows that there are virtually no pressure stresses in the sheet: they were
removed by buckling. A disadvantage of this kind of simulation is the very long
computational time (336 increments for a step time of 1!).

The absence of pressure stress points to a second way of obtaining the correct
stress distribution: instead of simulating the material as isotropic, one can use a
tension-only material model (leifer2). This has the advantage that convergence
is much faster (small computational times). Figures 42 and 43 compare the shear
stress of both simulations: they match quite nicely (the shear stress distribution
in an isotropic simulation without wrinkling is totally di�erent). The same
applies to the other stress components. The use of a tension-only material,
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Figure 43: Shear stress in the tension-only simulation

Figure 44: Minimum principal strain in the tension-only simulation
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Figure 45: von Mises stress in the starting geometry of the beam

however, does not lead to out-of-plane deformations. Here, wrinkling can only
be derived indirectly by looking at the smallest principal strain (Figure 44).
The large negative values point to the existence of wrinkles.

5.17 Optimization of a simply supported beam
In this section the optimization of a simply supported beam w.r.t. stress and
subject to a non-increasing mass constraint is treated. This example shows how
an optimization might be performed, the procedure itself is manually and by no
way optimized. For industrial applications one would typically write generally
applicable scripts taking care of the manual steps explained here.

This example uses the �les opt1.inp, opt1.f, opt2.inp, opt2.f and op3.inp, all
available in the CalculiX test suite. File opt1.inp contains the geometry and the
loading of the problem at stake: the structure is a beam simply supported at
its ends (hinge on one side, rolls on the other) and a point force in the middle.
The von Mises stresses are shown in Figure 45.

The target of the optimization is to reduce the stresses in the beam. The
highest stresses occur in the middle of the beam and at the supports (cf. Figure
45). Since the stresses at the supports will not decrease due to a geometrical
change of the beam (the peak stresses at the supports are cause by the point-like
nature of the support) the set of design variables (i.e. the nodes in which the
geometry of the beam is allowed to change during the optimization) is de�ned
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Figure 46: Nodes excluded from the set of design variables

as all nodes in the beam except for a set of nodes in the vicinity of the supports.
These latter nodes are shown in Figure 46.

In order to perform an optimization one has to determine the sensitivity
of the objective w.r.t. the design variables taking into account any constraints
for every intermediate design step (iteration) of the optimization. The objec-
tive and the constraints are generally design responses. First, the sensitity
of each design response is determined in a *SENSITIVITY step. Then, one
design response is selected as objective and one or more as constraints in a
*FEASIBLE DIRECTION step. Here, the sensitivity of the unconstrained ob-
jective is combined with the sensitity of the constraints in order to obtain the
sensitivity of the constrained objective.

The design variables were already discussed and constitute the set of nodes
in which the design is allowed to change. In the input deck for the present
example this is taken care of by the lines:

*DESIGNVARIABLES,TYPE=COORDINATE
DESIGNNODES

\DESIGNNODES" is a nodal set containing the design nodes as previously
discussed. For optimization problems in which the geometry of the structure
is to be optimized the type is COORDINATE. Alternatively, one could opti-
mize the orientation of anisotropic materials in a structure, this is covered by
TYPE=ORIENTATION.

The objective is the design response one would like to minimize. In the
present example the Kreisselmeier-Steinhauser function calculated from the von
Mises stress in all design nodes (cf. *DESIGN RESPONSE for the de�nition of
this function) is to be minimized. Again, the support nodes are not taken into
account because of the local stress singularity. The objective is taken care of by
the lines:

*DESIGN RESPONSE, NAME=STRESS_RESP
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STRESS,DESIGNNODES,10.,100.

and in the sensitivity step and

*OBJECTIVE,TARGET=MIN
STRESS_RESP

in the feasible direction step in the input deck. Notice that the node set used
to de�ne the Kreisselmeier-Steinhauser function (second entry underneath the
*DESIGN RESPONSE card) does not have to coincide with the set of design
variables. The third and fourth entry underneath the *DESIGN RESPONSE
card constitute parameters in the Kreisselmeier-Steinhauser function. Speci�-
cally, the fourth entry is a reference stress value and should be of the order of
magnitude of the actual maximum stress in the model. The third parameter
allows to smear the maximum stress value in a less or more wide region of the
model.

In addition to the objective function (only one objective function is allowed)
one or more constraints can be de�ned in the feasible direction step. In the ac-
tual example the mass of the beam should not increase during the optimization.
This is taken care of by

*DESIGN RESPONSE, NAME=MASS_RESP
MASS,Eall

in the sensitivity step and

*CONSTRAINT
MASS_RESP,LE,1.,

in the feasible direction step. For the meaning of the entries the reader
is referred to *DESIGN RESPONSE and *CONSTRAINT. Notice that for this
constraint to be active the user should have de�ned a density for the material at
stake. Within CalculiX the constraint is linearized. This means that, depending
on the increment size during an optimization, the constraint will not be satis�ed
exactly.

In the CalculiX run the sensitivity of the objective and all constraints w.r.t.
the design variables is calculated. The sensitivity is nothing else but the �rst
derivative of the objective function w.r.t. the design variables (similarly for the
constraints), i.e. the sensitivity shows how the design response changes if the
design variable is changed. For design variables of type COORDINATE the
change of the design variables (i.e. the design nodes) is in a direction locally
orthogonal to the geometry. So in our case the sensitivity of the stress tells
us how the stress changes if the geometry is changed in direction of the local
normal (similar with the mass CONSTRAINT). If the sensitivity is positive the
stress increases while thickening the structure and vice versa. This sensitivity
may be postprocessed by using a �lter. In the present input deck (opt1.inp) the
following �lter is applied:
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Figure 47: Stress sensitivity before �ltering

Figure 48: Stress sensitivity after �ltering

Figure 49: Mass sensitivity after �ltering
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Figure 50: Stress sensitivity taking the mass constraint into account

*FILTER,TYPE=LINEAR,EDGE PRESERVATION=YES,DIRECTION WEIGHTING=YES
3.

The �lter is linear with a radius of 3 (it can be visualized as a cone at each
design variable in which the sensitivity is integrated and subsequently smeared),
sharp corners should be kept (EDGE PRESERVATION=YES, cf. *FILTER)
and surfaces with a clearly di�erent orientation (e.g. orthogonal) are not taken
into account while �ltering (or taken into account to a lesser degree, DIREC-
TION WEIGHTING=YES). The �ltering is applied each design response sep-
arately. Figure 47 shows the stress sensitivity before �ltering, Figure 48 the
stress sensitivity after �ltering and Figure 49 the mass sensitivity after �ltering.
All of this information is obtained by requesting SEN underneath the *NODE
FILE card. Notice that the sensitivity is normalized after �ltering.

After calculating the �ltered sensitivities of the objective function and the
constraints separately (this is done in the sensitivity step) they are joined by
projecting the sensitivity of the active constraints on the sensitivity of the objec-
tive function (this is done in the feasible direction step). This results in Figure
50.

The sensitivities calculated in this way allow us to perform an optimization.
The simplest concept is the steepest gradient algorithm. This entails to change
the geometry in the direction of the steepest gradient. In the present calculations
only one gradient is calculated (the one in the direction of the local normal)
since a geometry change parallel to the surface of the structure generally does
not change the geometry at all. So the geometry is changed in the direction
of the local normal by an amount to be de�ned by the user. It is usually a
percentage of the local sensitivity. This is taken care of by the FORTRAN
program opt1.f. It reads the normal information and the sensitivities from �le
opt1.frd and de�nes a geometry change of 10 % of the normalized sensitivity in
the form of *BOUNDARY cards. These cards are stored in �le opt1.bou.

In order to run opt1.f it has to be compiled (e.g. by gfortran -oopt1.exe
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Figure 51: Deformed mesh after one iteration

opt1.f) and subsequently executed (e.g. by ./opt1.exe). The sensitivities, how-
ever, only take care of the change of the boundary nodes which are also design
variables. In order to maintain a good quality mesh the other boundary nodes
and the internal nodes should be appropriately moved as well. This is taken care
of by a subsequent linear elastic calculation with the sensitivity-based surface
geometry change as boundary conditions. This is taken care of by input deck
opt2.inp.

This input deck contains the original geometry of the beam. In addition,
the sensitivity-based surface geometry change stored in opt1.bou is included by
the statement:

*INCLUDE,INPUT=opt1.bou

Furthermore, preservation of sharp edges and corners in the original struc-
ture is taken care of by linear equations stored in �le opt1.equ. They were
generated by CalculiX during the opt1.inp run. They are included by the state-
ment:

*INCLUDE,INPUT=opt1.equ

The resulting deformed mesh is shown in Figure 51 (a re�nement of the
procedure could involve to use high E-moduli in opt2.inp at the free surface
and decrease their value as a function of the distance from the free surface; this
guarantees good quality elements at the free surface). The beam was thickened
in the middle, where the von Mises stresses were highest. This should lead to
a decrease of the highest stress value. In order to check this a new sensitivity
calculation was done on the deformed structure. To this end the coordinates
and the displacements are read from opt2.frd by the FORTRAN program opt2.f
(to be compiled and executed in a similar way as opt1.f), and the sum is stored
in �le opt3.inc. This �le is included in input deck opt3.inp, which is a copy of
opt1.inp with the coordinates replaced by the ones in opt3.inc. The resulting
von Mises stresses are shown in Figure 52. The von Mises stress in the middle
of the lower surface of the beam has indeed decreased from 114 to about 80
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Figure 52: Mises stress after one iteration

(MPa if the selected units were mm, N, s and K). Further improvements can be
obtained by running several iterations.

5.18 Mesh re�nement of a curved cantilever beam
This example illustrates the use of the *REFINE MESH keyword card in order
to re�ne a tetrahedral mesh based on some solution variable. The structure is a
curved cantilever beam (Figure 53) meshed very coarsely using C3D10 elements.
The left side of the beam is completely �xed in z-direction, the lower left node
is furthermore �xed in x and y, the lower right node in y. A load of 9 force units
is applied to the nodes in the right face of the beam in +y direction. This leads
to the normal stresses in z shown in the Figure. The beam experiences bending
leading to tensile stresses at the bottom and compressive stresses at the top.
The input deck of the beam (circ10p.inp) is part of the CalculiX test suite.

Here, only the step information in the input deck is reproduced:

*STEP
*STATIC
*CLOAD
LOAD,2,1.
*NODE PRINT,NSET=FIX,TOTALS=ONLY
RF
*SECTION PRINT,SURFACE=Sfix,NAME=SP1
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Figure 53: Normal stress in z-direction for the coarse mesh

Figure 54: Error estimator for the coarse mesh
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SOF,SOM
*NODE FILE
U
*EL FILE
S
*REFINE MESH,LIMIT=50.
S
*END STEP

It illustrates several possibilities to obtain the reaction forces. One way is
to use the *NODE PRINT keyword card to request the storage of RF in the
.dat �le. It acts on a node set, in this case all nodes on the left surface of
the beam. The parameter TOTALS=ONLY indicates that only the sum of the
forces should be printed, not the individual contributions. The *NODE PRINT
option works well if the adjacent elements of the nodal set are not subject to
distributed loads, neither surface distributed loads (pressure) nor volumetric
distribute loads (gravity, centrifugal forces). Else the value printed for RF will
include part of these latter forces.

A second possibility is to de�ne a facial surface and use SOF and SOM
underneath the *SECTION PRINT card in order to request the forces and
moments on this surface. The surface S�x consists of all faces in the left surface
of the beam. The forces and moments are obtained by integration across the
surface.

The output in the .dat-�le looks like:

total force (fx,fy,fz) for set FIX and time 0.1000000E+01

-9.372063E-13 -9.000000E+00 3.127276E-12

statistics for surface set SFIX and time 0.1000000E+01

total surface force (fx,fy,fz) and moment about the origin( mx,my,mz)

2.454956E+00 -7.226251E+00 1.377949E+01 7.236961E+01 -5.740438E+00 -4.957194E+00

center of gravity and mean normal

5.000000E-01 5.000000E-01 0.000000E+00 0.000000E+00 0.000000E+00 -1.000000E+00

moment about the center of gravity(mx,my,mz)

6.547987E+01 1.149306E+00 -1.165902E-01
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area, normal force (+ = tension) and shear force (size)

6.000000E+00 -1.377949E+01 7.631875E+00

From this one observes that the reaction force obtained by the *NODE
PRINT statement is very accurate, however, the integration across the surface
of the stresses is rather inaccurate: instead of 9 force units one obtains 7.23
units. The moment about the center of gravity is 65.5 [force][length] instead of
the expected 72 [force][length] (the length of the beam is 8 length units).

The value of the error estimator is shown in Figure 54. Not surprisingly, the
error is quite high, up to 30 %.

In order to obtain better results, an automatic stress-based re�nement is
triggered by the *REFINE MESH,LIMIT=50 card. The �eld on which the re-
�nement is based is listed underneath this card. \S" means that the Mises stress
will be used. The Mises stress for this example reaches values of about 400 stress
units, so a re�nement of up to a factor of 8 is locally possible (a re�nement limit
of 50. was chosen). In the current version of CalculiX up to three iterations are
performed, each of which allows for a re�nement by a factor of two. The re�ne-
ments are always applied to a version of the original mesh in which any quadratic
elements are replaced by linear ones (C3D10 by C3D4), i.e. the middle nodes
are not taken into account. The results of these re�nement iterations are stored
as input decks (containing only the mesh) in �les �nemesh.inp0, �nemesh.inp1
and �nemesh.inp2. After generating the mesh stored in �nemesh.inp2, the pro-
gram generates midnodes for all elements if the input deck contained at least
one quadratic element. All nodes are subsequently projected onto the faces of
the original mesh. This means that the geometry is basically described by the
outer surface of the mesh in the input deck. Elements in the input deck other
than tetrahedral elements remain untouched. The resulting projected mesh is
stored as input deck in jobname.�n. It contains only the re�ned mesh (nodes
and elements).

Running the circ10p input deck and reapplying the necessary boundary
and loading conditions (this has to be done by hand) leads to the input deck
cric10p�n.inp (also part of the CalculiX test examples). Running this deck leads
to the normal z-stresses in Figure 55 and the error in Figure 56.

The mesh has been re�ned near the left face of the beam, where the stresses
were highest. The resulting elements are quadatic elements and the curvature
of the original mesh has been nicely kept.

The compressive stresses are slightly increased, while the tensile stresses are
now much more localized about the nodes �xed in y-direction. The overall level,
however, is similar. The stress error is about the same as for the coarse mesh,
however, at those locations where the stress is high, the error is now low, about
5 % instead of 30 %. These are the locations of interest.

The output for the reaction forces in the .dat �le looks like:

total force (fx,fy,fz) for set FIX and time 0.1000000E+01
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Figure 55: Normal stress in z-direction for the �ne mesh

Figure 56: Error estimator for the �ne mesh



89

3.221013E-12 -9.000000E+00 7.356782E-12

statistics for surface set SFIX and time 0.1000000E+01

total surface force (fx,fy,fz) and moment about the origin( mx,my,mz)

1.512388E-01 -9.252627E+00 -7.227514E-01 7.175724E+01 1.563390E-01 -4.206416E+00

center of gravity and mean normal

5.000000E-01 5.000000E-01 4.014218E-19 -4.263022E-20 4. 286885E-20 -1.000000E+00

moment about the center of gravity(mx,my,mz)

7.211862E+01 -2.050367E-01 4.955169E-01

area, normal force (+ = tension) and shear force (size)

6.000000E+00 7.227514E-01 9.253863E+00

The nodal output is again very accurate, while the section output has clearly
improved: the total reaction force is now -9.25 force units, the moment about
the center of gravity is 72.12 [force][length]. The �ner mesh leads to more
accurate nodal stresses, which are the ones which have been used to determined
the section forces.

6 Theory
The �nite element method is basically concerned with the determination of �eld
variables. The most important ones are the stress and strain �elds. As basic
measure of strain in CalculiX the Lagrangian strain tensor E is used for elastic
media, the Eulerian strain tensor e is used for deformation plasticity and the
deviatoric elastic left Cauchy-Green tensor is used for incremental plasticity.
The Lagrangian strain satis�es ([22]):

EKL = (UK;L + UL;K + UM;K UM;L )=2; K; L; M = 1; 2; 3 (2)

where UK are the displacement components in the material frame of reference
and repeated indices imply summation over the appropriate range. In a linear
analysis, this reduces to the familiar form:

~EKL = (UK;L + UL;K )=2; K; L = 1; 2; 3: (3)

The Eulerian strain satis�es ([22]):
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ekl = (uk;l + ul;k � um;k um;l )=2; k; l; m = 1; 2; 3 (4)

where uk are the displacements components in the spatial frame of reference.
Finally, the deviatoric elastic left Cauchy-Green tensor is de�ned by ([82]):

�be
kl = J e� 2=3xe

k;K xe
l;K (5)

where J e is the elastic Jacobian and xe
k;K is the elastic deformation gradient.

The above formulas apply for Cartesian coordinate systems.
The stress measure consistent with the Lagrangian strain is the second Piola-

Kirchho� stress S. This stress, which is internally used in CalculiX for all appli-
cations (the so-called total Lagrangian approach, see [9]), can be transformed
into the �rst Piola-Kirchho� stress P (the so-called engineering stress, a non-
symmetric tensor) and into the Cauchy stress t (true stress). All CalculiX input
(e.g. distributed loading) and output is in terms of true stress. In a tensile test
on a specimen with length L the three stress measures are related by:

t = P=(1 � � ) = S=(1 � � )2 (6)

where � is the engineering strain de�ned by

� = dL=L: (7)

The treatment of the thermal strain depends on whether the analysis is ge-
ometrically linear or nonlinear. For isotropic material the thermal strain tensor
amounts to � �TI , where � is the expansion coe�cient, �T is the temperature
change since the initial state and I is the second order identity tensor. For
geometrically linear calculations the thermal strain is subtracted from the total
strain to obtain the mechanical strain:

~E mech
KL = ~EKL � � �T � KL : (8)

In a nonlinear analysis the thermal strain is subtracted from the deforma-
tion gradient in order to obtain the mechanical deformation gradient. Indeed,
assuming a multiplicative decomposition of the deformation gradient one can
write:

dx = F � dX = F mech � F th � dX ; (9)

where the total deformation gradient F is written as the product of the
mechanical deformation gradient and the thermal deformation gradient. For
isotropic materials the thermal deformation gradient can be written as F th =
(1 + � �T )I and consequently:

F � 1
th � (1 � � �T )I : (10)

Therefore one obtains:
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(Fmech )kK � FkK (1 � � �T ) = (1 + uk;K )(1 � � �T )
� 1 + uk;K � � �T: (11)

Based on the mechanical deformation gradient the mechanical Lagrange
strain is calculated and subsequently used in the material laws:

2E mech = F T
mech � F mech � I : (12)

6.1 Node Types
There are three node types:

� 1D uid nodes. These are nodes satisfying at least one of the following
conditions:

{ nodes belonging to 1D network elements (element labels starting with
D)

{ reference nodes in *FILM cards of type forced convection (label:
F*FC).

{ reference nodes in *DLOAD cards of type nodal pressure (label:
P*NP).

� 3D uid nodes. These are nodes belonging to 3D uid elements (element
labels starting with F)

� structural nodes. Any nodes not being 1D uid nodes nor 3D uid nodes.

It is not allowed to create equations between nodes of di�erent types.

6.2 Element Types
There are a lot of di�erent elements implemented in CalculiX, therefore it is not
always easy to select the right one. In general, one can say that the quadratic
elements are the most stable and robust elements in CalculiX. If you are not
a �nite element specialist the use of quadratic elements is strongly suggested.
This includes:

� hexahedral elements: C3D20R

� tetrahedral elements: C3D10

� axisymmetric elements: CAX8R

� plane stress elements: CPS8R

� plane strain elements: CPE8R
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Figure 57: 8-node brick element

� shell elements: S8R

� beam elements: B32R

Other elements frequently exhibit unsatisfactory behavior in certain instances,
e.g. the C3D8 element in bending states. Unless you are a specialist, do not
use such elements. Detailed information is given underneath.

6.2.1 Eight-node brick element (C3D8 and F3D8)

The C3D8 element is a general purpose linear brick element, fully integrated
(2x2x2 integration points). The shape functions can be found in [42]. The
node numbering follows the convention of Figure 57 and the integration points
are numbered according to Figure 58. This latter information is important
since element variables printed with the *EL PRINT keyword are given in the
integration points.

Although the structure of the element is straightforward, it should not be
used in the following situations:

� due to the full integration, the element will behave badly for isochoric
material behavior, i.e. for high values of Poisson’s coe�cient or plastic
behavior.
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Figure 58: 2x2x2 integration point scheme in hexahedral elements

� the element tends to be too sti� in bending, e.g. for slender beams or thin
plates under bending. [103].

The F3D8 element is the corresponding uid element.

6.2.2 Eight-node brick element with reduced integration (C3D8R)

The C3D8R element is a general purpose linear brick element, with reduced inte-
gration (1 integration point). The shape functions are the same as for the C3D8
element and can be found in [42]. The node numbering follows the convention
of Figure 57 and the integration point is shown in Fig 59.

Due to the reduced integration, the locking phenomena observed in the C3D8
element do not show. However, the element exhibits other shortcomings:

� The element tends to be not sti� enough in bending.

� Stresses, strains.. are most accurate in the integration points. The integra-
tion point of the C3D8R element is located in the middle of the element.
Thus, small elements are required to capture a stress concentration at the
boundary of a structure.

� There are 12 spurious zero energy modes leading to massive hourglass-
ing: this means that the correct solution is superposed by arbitrarily large
displacements corresponding to the zero energy modes. Thus, the dis-
placements are completely wrong. Since the zero energy modes do no lead
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Figure 59: 1x1x1 integration point scheme in hexahedral elements

to any stresses, the stress �eld is still correct. In practice, the C3D8R el-
ement is not very useful without hourglass control. Starting with version
2.3 hourglass control is automatically activated for this element (using the
theory in [25]), thus alleviating this issue.

6.2.3 Incompatible mode eight-node brick element (C3D8I)

The incompatible mode eight-node brick element is an improved version of the
C3D8-element. In particular, shear locking is removed and volumetric locking
is much reduced. This is obtained by supplementing the standard shape func-
tions with so-called bubble functions, which have a zero value at all nodes and
nonzero values in between. In CalculiX, the version detailed in [94] has been
implemented. The C3D8I element should be used in all instances in which linear
elements are subject to bending. Although the quality of the C3D8I element
is far better than the C3D8 element, the best results are usually obtained with
quadratic elements (C3D20 and C3D20R). The C3D8I element is not very good
when subjected to torsion. Since the B31 element is expanded into a C3D8I
element this also applies to the B31 element.

6.2.4 Twenty-node brick element (C3D20)

The C3D20 element is a general purpose quadratic brick element (3x3x3 inte-
gration points). The shape functions can be found in [42]. The node numbering
follows the convention of Figure 60 and the integration scheme is given in Figure
61.
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Figure 60: 20-node brick element
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Figure 61: 3x3x3 integration point scheme in hexahedral elements

This is an excellent element for linear elastic calculations. Due to the location
of the integration points, stress concentrations at the surface of a structure are
well captured. However, for nonlinear calculations the elements exhibits the
same disadvantages as the C3D8 element, albeit to a much lesser extent:

� due to the full integration, the element will behave badly for isochoric
material behavior, i.e. for high values of Poisson’s coe�cient or plastic
behavior.

� the element tends to be too sti� in bending, e.g. for slender beams or thin
plates under bending. [103].

6.2.5 Twenty-node brick element with reduced integration (C3D20R)

The C3D20R element is a general purpose quadratic brick element, with reduced
integration (2x2x2 integration points). The shape functions can be found in [42].
The node numbering follows the convention of Figure 60 and the integration
scheme is shown in Figure 58.

The element behaves very well and is an excellent general purpose element
(if you are setting o� for a long journey and you are allowed to take only one
element type with you, that’s the one to take). It also performs well for isochoric
material behavior and in bending and rarely exhibits hourglassing despite the
reduced integration (hourglassing generally occurs when not enough integration
points are used for numerical integration and spurious modes pop up resulting
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in crazy displacement �elds but correct stress �elds). The reduced integration
points are so-called superconvergent points of the element [7]. Just two caveats:

� the integration points are about one quarter of the typical element size
away from the boundary of the element, and the extrapolation of integra-
tion point values to the nodes is trilinear. Thus, high stress concentrations
at the surface of a structure might not be captured if the mesh is too coarse.

� all quadratic elements cause problems in node-to-face contact calculations,
because the nodal forces in the vertex nodes equivalent to constant pres-
sure on an element side (section 6.11.2) are zero or have the opposite
sign of those in the midside nodes. This problem seems to be solved if
face-to-face penalty or mortar contact is used.

6.2.6 Four-node tetrahedral element (C3D4 and F3D4)

The C3D4 is a general purpose tetrahedral element (1 integration point). The
shape functions can be found in [103]. The node numbering follows the conven-
tion of Figure 62.

This element is included for completeness, however, it is not suited for struc-
tural calculations unless a lot of them are used (the element is too sti�). Please
use the 10-node tetrahedral element instead.

The F3D4 element is the corresponding uid element.

6.2.7 Ten-node tetrahedral element (C3D10)

The C3D10 element is a general purpose tetrahedral element (4 integration
points). The shape functions can be found in [103]. The node numbering
follows the convention of Figure 63.

The element behaves very well and is a good general purpose element, al-
though the C3D20R element yields still better results for the same number of
degrees of freedom. The C3D10 element is especially attractive because of the
existence of fully automatic tetrahedral meshers.

6.2.8 Modi�ed ten-node tetrahedral element (C3D10T)

The C3D10T elements is identical to the C3D10 element except for the treat-
ment of thermal strains. In a regular C3D10 element both the initial tem-
peratures and the displacements are interpolated quadratically, which leads to
quadratic thermal strains and linear total strains (since the total strain is the
derivative of the displacements). The mechanical strain is the total strain mi-
nus the thermal strain, which is consequently neither purely linear nor purely
quadratic. This discrepancy may lead to a checkerboard pattern in the stresses,
which is observed especially in the presence of high initial temperature gradi-
ents. To alleviate this the initial temperatures are interpolated linearly within
the C3D10T element.
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Figure 62: 4-node tetrahedral element
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Figure 63: 10-node tetrahedral element
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Figure 64: 6-node wedge element

Notice that the linear interpolation of the initial temperatures is standard
for the C3D20 and C3D20R element. For the C3D10 element it is not to keep
the compatibily with ABAQUS.

6.2.9 Six-node wedge element (C3D6 and F3D6)

The C3D6 element is a general purpose wedge element (2 integration points).
The shape functions can be found in [1]. The node numbering follows the
convention of Figure 64.

This element is included for completeness, however, it is probably not very
well suited for structural calculations unless a lot of them are used. Please use
the 15-node wedge element instead.

The F3D6 element is the corresponding uid element.

6.2.10 Fifteen-node wedge element (C3D15)

The C3D15 element is a general purpose wedge element (9 integration points).
The shape functions can be found in [1]. The node numbering follows the
convention of Figure 65.
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The element behaves very well and is a good general purpose element, al-
though the C3D20R element yields still better results for the same number of
degrees of freedom. The wedge element is often used as �ll element in \auto-
matic" hexahedral meshers.

6.2.11 Three-node shell element (S3)

This is a general purpose linear triangular shell element. For the node numbering
and the direction of the normal to the surface the reader is referred to the
quadratic six-node shell element (S6) in Figure 66 (just drop the middle nodes).

In CalculiX, three-node shell elements are expanded into three-dimensional
C3D6 wedge elements. The way this is done can be derived from the analogous
treatment of the S6-element in Figure 67 (again, drop the middle nodes). For
more information on shell elements the reader is referred to the eight-node shell
element S8.

6.2.12 Four-node shell element (S4 and S4R)

This is a general purpose linear 4-sided shell element. For the node number-
ing and the direction of the normal to the surface the reader is referred to
the quadratic eight-node shell element (S8) in Figure 68 (just drop the middle
nodes).

In CalculiX, S4 and S4R four-node shell elements are expanded into three-
dimensional C3D8I and C3D8R elements, respectively. The way this is done can
be derived from the analogous treatment of the S8-element in Figure 69 (again,
drop the middle nodes). For more information on shell elements the reader is
referred to the eight-node shell element S8.

6.2.13 Six-node shell element (S6)

This is a general purpose triangular shell element. The node numbering and
the direction of the normal to the surface is shown in Figure 66.

In CalculiX, six-node shell elements are expanded into three-dimensional
wedge elements. The way in which this is done is illustrated in Figure 67. For
more information on shell elements the reader is referred to the eight-node shell
element in the next section.

6.2.14 Eight-node shell element (S8 and S8R)

This element is a general purpose 4-sided shell element. The node numbering
and the direction of the normal to the surface is shown in Figure 68.

In CalculiX, quadratic shell elements are automatically expanded into 20-
node brick elements. The way this is done is illustrated in Figure 69. For each
shell node three new nodes are generated according to the scheme on the right
of Figure 69. With these nodes a new 20-node brick element is generated: for a
S8 element a C3D20 element, for a S8R element a C3D20R element.
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Figure 67: Expansion of a 2D 6-node element into a 3D wedge element
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Figure 68: 8-node quadratic element
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Figure 69: Expansion of a 2D 8-node element into a 3D brick element
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Since a shell element can be curved, the normal to the shell surface is de�ned
in each node separately. For this purpose the *NORMAL keyword card can be
used. If no normal is de�ned by the user, it will be calculated automatically by
CalculiX based on the local geometry.

If a node belongs to more than one shell element, all, some or none of the
normals on these elements in the node at stake might have been de�ned by the
user (by means of *NORMAL). The failing normals are determined based on the
local geometry (notice, however, that for signi�cantly distorted elements it may
not be possible to determine the normal; this particularly applies to elements in
which the middle nodes are way o� the middle position). The number of normals
is subsequently reduced using the following procedure. First, the element with
the lowest element number with an explicitly de�ned normal in this set, if any,
is taken and used as reference. Its normal is de�ned as reference normal and
the element is stored in a new subset. All other elements of the same type in
the set for which the normal has an angle smaller than 0:5� with the reference
normal and which have the same local thickness and o�set are also included
in this subset. The elements in the subset are considered to have the same
normal, which is de�ned as the normed mean of all normals in the subset. This
procedure is repeated for the elements in the set minus the subset until no
elements are left with an explicitly de�ned normal. Now, the element with the
lowest element number of all elements left in the set is used as reference. Its
normal is de�ned as reference normal and the element is stored in a new subset.
All other elements left in the set for which the normal has an angle smaller than
20� with the reference normal and which have the same local thickness and
o�set are also included in this subset. The normed mean of all normals in the
subset is assigned as new normal to all elements in the subset. This procedure is
repeated for the elements left until a normal has been de�ned in each element.

This procedure leads to one or more normals in one and the same node. If
only one normal is de�ned, this node is expanded once into a set of three new
nodes and the resulting three-dimensional expansion is continuous in the node.
If more than one normal is de�ned, the node is expanded as many times as there
are normals in the node. To assure that the resulting 3D elements are connected,
the newly generated nodes are considered as a knot. A knot is a rigid body
which is allowed to expand uniformly. This implies that a knot is characterized
by seven degrees of freedom: three translations, three rotations and a uniform
expansion. Graphically, the shell elements partially overlap (Figure 70).

Consequently, a node leads to a knot if

� the direction of the local normals in the elements participating in the node
di�er beyond a given amount. Notice that this also applies to neighbor-
ing elements having the inverse normal. Care should be taken that the
elements in plates and similar structures are oriented in a consistent way
to avoid the generation of knots and the induced nonlinearity.

� several types of elements participate (e.g. shells and beams).

� the thickness is not the same in all participating elements.
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Figure 70: Overlapping shell elements at a knot
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� the o�set is not the same in all participating elements.

� a rotation or a moment is applied in the node (only for dynamic calcula-
tions)

In CalculiX versions prior to and including version 2.7 a knot was also in-
troduced as soon as the user applied a rotation or a moment to a node. Right
now, this is still the case for dynamic calculations (cf. listing above). However,
in static calculations, starting with version 2.8 this type of loading is handled
by using mean rotation MPC’s (cf. Section 8.7.1). The mean rotation MPC’s
are generated automatically, so the user does not have to take care of that. It
generally leads to slightly better results then by use of knots. However, the
use of mean rotation MPC’s prohibits the application of drilling moments, i.e.
moments about an axis perpendicular to a shell surface. Similarly, no drilling
rotation should be prescribed, unless all rotational degrees of freedom are set to
zero in the node. If the shell surface is not aligned along the global coordinate
directions, prescribing a moment or rotation aboun an axis perpendicular to the
drilling direction may require the de�nition of a local coordinate system. Also
note that the rotation in a mean rotation MPC should not exceed 90 degrees.
Starting with version 2.15 any nonzero drilling moment or rotation is automat-
ically removed and a warning is issued. In earlier versions, a drilling moment
or rotation led to an error, forcing the program to abort.

Beam and shell elements are always connected in a sti� way if they share
common nodes. This, however, does not apply to plane stress, plane strain
and axisymmetric elements. Although any mixture of 1D and 2D elements
generates a knot, the knot is modeled as a hinge for any plane stress, plane
strain or axisymmetric elements involved in the knot. This is necessary to
account for the special nature of these elements (the displacement normal to
the symmetry plane and normal to the radial planes is zero for plane elements
and axisymmetric elements, respectively).

The translational node of the knot (cfr REF NODE in the *RIGID BODY
keyword card) is the knot generating node, the rotational node is extra gener-
ated.

The thickness of the shell element can be de�ned on the *SHELL SECTION
keyword card. It applies to the complete element. Alternatively, a nodal thick-
ness in each node separately can be de�ned using *NODAL THICKNESS. In
that way, a shell with variable thickness can be modeled. Thicknesses de�ned
by a *NODAL THICKNESS card take precedence over thicknesses de�ned by a
*SHELL SECTION card. The thickness always applies in normal direction. The
*SHELL SECTION card is also used to assign a material to the shell elements
and is therefore indispensable.

The o�set of a shell element can be set on the *SHELL SECTION card.
Default is zero. The unit of the o�set is the local shell thickness. An o�set of 0.5
means that the user-de�ned shell reference surface is in reality the top surface of
the expanded element. The o�set can take any real value. Consequently, it can
be used to de�ne composite materials. De�ning three di�erent shell elements
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using exactly the same nodes but with o�sets -1, 0 and 1 (assuming the thickness
is the same) leads to a three-layer composite.

However, due to the introduction of a knot in every node of such a com-
posite, the deformation is usually too sti�. Therefore, a di�erent method has
been coded to treat composites. Right now, it can only be used for 8-node
shells with reduced integration (S8R) and 6-node shell elements (S6). Instead
of de�ning as many shells as there are layers the user only de�nes one shell
element, and uses the option COMPOSITE on the *SHELL SECTION card.
Underneath the latter card the user can de�ne as many layers as needed. In-
ternally, the shell element is expanded into only one 3-D brick element but the
number of integration points across the thickness amounts to twice the num-
ber of layers. During the calculation the integration points are assigned the
material properties appropriate for the layer they belong to. In the .dat �le
the user will �nd the displacements of the global 3-D element and the stresses
in all integration points (provided the user has requested the corresponding
output using the *NODE PRINT and *EL PRINT card). In the .frd �le, how-
ever, each layer is expanded independently and the displacements and stresses
are interpolated/extrapolated accordingly (no matter whether the parameter
OUTPUT=3D was used). The restrictions on this kind of composite element
are right now:

� can only be used for S8R and S6 elements

� reaction forces (RF) cannot be requested in the .frd �le.

� the use of *NODAL THICKNESS is not allowed

� the error estimators cannot be used.

In composite materials it is frequently important to be able to de�ne a
local element coordinate system. Indeed, composites usually consist of layers of
anisotropic materials (e.g. �ber reinforced) exhibiting a di�erent orientation in
each layer. To this end the *ORIENTATION card can be used.

First of all, it is of uttermost importance to realize that a shell element
ALWAYS induces the creation of a local element coordinate system, no matter
whether an orientation card was de�ned or not. If no orientation applies to a
speci�c layer of a speci�c shell element then a local shell coordinate system is
generated consisting of:

� a local x’-axis de�ned by the projection of the global x-axis on the shell
(actually at the location of the shell which corresponds to local coordinates
� = 0, � = 0), or, if the angle between the global x-axis and the normal
to the shell is smaller than 0:1� , by the projection of the global z-axis on
the shell.

� a local y’-axis such that y0 = z0 � x0.
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� a local z’-axis coinciding with the normal on the shell (de�ned such that
the nodes are de�ned clockwise in the element topology when looking in
the direction of the normal).

Notice that this also applies in shell which are not de�ned as composites
(can be considered as one-layer composites).

If an orientation is applied to a speci�c layer of a speci�c shell element then
a local shell coordinate system is generated consisting of:

� a local x’-axis de�ned by the projection of the local x-axis de�ned by
the orientation on the shell (actually at the location of the shell which
corresponds to local coordinates � = 0, � = 0), or, if the angle between
the local x-axis de�ned by the orientation and the normal to the shell is
smaller than 0:1� , by the projection of the local z-axis as de�ned by the
orientation on the shell.

� a local y’-axis such that y0 = z0 � x0.

� a local z’-axis coinciding with the normal on the shell (de�ned such that
the nodes are de�ned clockwise in the element topology when looking in
the direction of the normal).

The treatment of the boundary conditions for shell elements is straightfor-
ward. The user can independently �x any translational degree of freedom (DOF
1 through 3) or any rotational DOF (DOF 4 through 6). Here, DOF 4 is the
rotation about the global or local x-axis, DOF 5 about the global or local y-axis
and DOF 6 about the global or local z-axis. Local axes apply if the transfor-
mation (*TRANSFORM) has been de�ned, else the global system applies. A
hinge is de�ned by �xing the translational degrees of freedom only. Recall that
it is not allowed to constrain a rotation about the drilling axis on a shell, unless
the rotations about all axes in the node are set to zero.

For an internal hinge between 1D or 2D elements the nodes must be doubled
and connected with MPC’s. The connection between 3D elements and all other
elements (1D or 2D) is always hinged.

Point forces de�ned in a shell node are not modi�ed if a knot is generated
(the reference node of the rigid body is the shell node). If no knot is generated,
the point load is divided among the expanded nodes according to a 1/2-1/2 ratio
for a shell mid-node and a 1/6-2/3-1/6 ratio for a shell end-node. Concentrated
bending moments or torques are de�ned as point loads (*CLOAD) acting on
degree four to six in the node. Their use generates a knot in the node.

Distributed loading can be de�ned by the label P in the *DLOAD card. A
positive value corresponds to a pressure load in normal direction.

In addition to a temperature for the reference surface of the shell, a temper-
ature gradient in normal direction can be speci�ed on the *TEMPERATURE
card. Default is zero.

Concerning the output, nodal quantities requested by the keyword *NODE PRINT
are stored in the shell nodes. They are obtained by averaging the nodal values of
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the expanded element. For instance, the value in local shell node 1 are obtained
by averaging the nodal value of expanded nodes 1 and 5. Similar relationships
apply to the other nodes, in 6-node shells:

� shell node 1 = average of expanded nodes 1 and 4

� shell node 2 = average of expanded nodes 2 and 5

� shell node 3 = average of expanded nodes 3 and 6

� shell node 4 = average of expanded nodes 7 and 10

� shell node 5 = average of expanded nodes 8 and 11

� shell node 6 = average of expanded nodes 9 and 12

In 8-node shells:

� shell node 1 = average of expanded nodes 1 and 5

� shell node 2 = average of expanded nodes 2 and 6

� shell node 3 = average of expanded nodes 3 and 7

� shell node 4 = average of expanded nodes 4 and 8

� shell node 5 = average of expanded nodes 9 and 13

� shell node 6 = average of expanded nodes 10 and 14

� shell node 7 = average of expanded nodes 11 and 15

� shell node 8 = average of expanded nodes 12 and 16

Element quantities, requested by *EL PRINT are stored in the integration
points of the expanded elements.

Default storage for quantities requested by the *NODE FILE and *EL FILE
is in the expanded nodes. This has the advantage that the true three-dimensional
results can be viewed in the expanded structure, however, the nodal numbering
is di�erent from the shell nodes. By selecting OUTPUT=2D the results are
stored in the original shell nodes. The same averaging procedure applies as for
the *NODE PRINT command.

In thin structures two words of caution are due: the �rst is with respect to
reduced integration. If the aspect ratio of the beams is very large (slender beams,
aspect ratio of 40 or more) reduced integration will give you far better results
than full integration. However, due to the small thickness hourglassing can
readily occur, especially if point loads are applied. This results in displacements
which are widely wrong, however, the stresses and section forces are correct.
Usually also the mean displacements across the section are �ne. If not, full
integration combined with smaller elements might be necessary. Secondly, thin
structures can easily exhibit large strains and/or rotations. Therefore, most
calculations require the use of the NLGEOM parameter on the *STEP card.
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6.2.15 Three-node membrane element (M3D3)

This element is similar to the S3 shell element except that it cannot sustain
bending. This is obtained by modelling hinges in each of the nodes of the
element. Apart from that, all what is said about the S3 element also ap-
plies here with one exception: instead of the *SHELL SECTION card the
*MEMBRANE SECTION card has to be used.

6.2.16 Four-node membrane element (M3D4 and M3D4R)

These elements are similar to the S4 and S4R shell elements, respectively, except
that they cannot sustain bending. This is obtained by modelling hinges in each
of the nodes of the elements. Apart from that, all what is said about the S4
and S4R elements also applies here with one exception: instead of the *SHELL
SECTION card the *MEMBRANE SECTION card has to be used.

6.2.17 Six-node membrane element (M3D6)

This element is similar to the S6 shell element except that it cannot sustain
bending. This is obtained by modelling hinges in each of the end nodes of
the element. Apart from that, all what is said about the S6 element also
applies here with one exception: instead of the *SHELL SECTION card the
*MEMBRANE SECTION card has to be used.

6.2.18 Eight-node membrane element (M3D8 and M3D8R)

These elements are similar to the S8 and S8R shell elements, respectively, except
that they cannot sustain bending. This is obtained by modelling hinges in each
of the end nodes of the elements. Apart from that, all what is said about the S8
and S8R elements also applies here with one exception: instead of the *SHELL
SECTION card the *MEMBRANE SECTION card has to be used.

6.2.19 Three-node plane stress element (CPS3)

This element is very similar to the three-node shell element. Figures 66 and
67 apply (just drop the middle nodes). For more information on plane stress
elements the reader is referred to the section on CPS8 elements.

6.2.20 Four-node plane stress element (CPS4 and CPS4R)

This element is very similar to the eight-node shell element. Figures 68 and
69 apply (just drop the middle nodes). The CPS4 and CPS4R elements are
expanded into C3D8 and C3D8R elements, respectively. For more information
on plane stress elements the reader is referred to the section on CPS8 elements.
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6.2.21 Six-node plane stress element (CPS6)

This element is very similar to the six-node shell element. Figures 66 and 67
apply. For more information on plane stress elements the reader is referred to
the next section.

6.2.22 Eight-node plane stress element (CPS8 and CPS8R)

The eight node plane stress element is a general purpose plane stress element.
It is actually a special case of shell element: the structure is assumed to have a
symmetry plane parallel to the x-y plane and the loading only acts in-plane. In
general, the z-coordinates are zero. Just like in the case of the shell element, the
plane stress element is expanded into a C3D20 or C3D20R element. Figures 68
and 69 apply. From the above premises the following conclusions can be drawn:

� The displacement in z-direction of the midplane is zero. This condition is
introduced in the form of SPC’s. MPC’s must not be de�ned in z-direction!

� The displacements perpendicular to the z-direction of nodes not in the
midplane is identical to the displacements of the corresponding nodes in
the midplane.

� The normal is by default (0,0,1)

� The thickness can vary. It can be de�ned in the same way as for the shell
element, except that the *SOLID SECTION card is used instead of the
*SHELL SECTION card.

� Di�erent o�sets do not make sense.

� Point loads are treated in a similar way as for shells.

The use of plane stress elements can also lead to knots, namely, if the thick-
ness varies in a discontinuous way, or if plane stress elements are combined with
other 1D or 2D elements such as axisymmetric elements. The connection with
the plane stress elements, however, is modeled as a hinge.

Distributed loading in plane stress elements is di�erent from shell distributed
loading: for the plane stress element it is in-plane, for the shell element it is out-
of-plane. Distributed loading in plane stress elements is de�ned on the *DLOAD
card with the labels P1 up to P4. The number indicates the face as de�ned in
Figure 71.

If a plane stress element is connected to a structure consisting of 3D elements
the motion of this structure in the out-of-plane direction (z-direction) is not
restricted by its connection to the 2D elements. The user has to take care that
any rigid body motion of the structure involving the z-direction is taken care
of, if appropriate. This particularly applies to any springs connected to plane
stress elements, look at test example spring4 for an illustration.

Notice that structures containing plane stress elements should be de�ned in
the global x-y plane, i.e. z=0 for all nodes.



6.2 Element Types 113

1 2

34

5

6

7

8

1

2

3

4 .

.

Figure 71: Face numbering for quadrilateral elements
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6.2.23 Three-node plane strain element (CPE3)

This element is very similar to the three-node shell element. Figures 66 and
67 apply (just drop the middle nodes). For more information on plane strain
elements the reader is referred to the section on CPE8 elements.

6.2.24 Four-node plane strain element (CPE4 and CPE4R)

This element is very similar to the eight-node shell element. Figures 68 and
69 apply (just drop the middle nodes). The CPE4 and CPE4R elements are
expanded into C3D8 and C3D8R elements, respectively. For more information
on plane strain elements the reader is referred to the section on CPE8 elements.

6.2.25 Six-node plane strain element (CPE6)

This element is very similar to the six-node shell element. Figures 66 and 67
apply. For more information on plane strain elements the reader is referred to
the next section.

6.2.26 Eight-node plane strain element (CPE8 and CPE8R)

The eight node plane strain element is a general purpose plane strain element.
It is actually a special case of plane stress element: the treatise of Section 6.2.22
also applies here. In addition we have:

� The displacement in z-direction of all nodes (not only the mid-nodes) is
zero. This condition is introduced in the form of MPC’s, expressing that
the displacement in z-direction of nodes not in the midplane is identical
to the displacement of the corresponding nodes in the midplane.

� Di�erent thicknesses do not make sense: one thickness applicable to all
plane strain elements su�ces.

Plane strain elements are used to model a slice of a very long structure, e.g.
of a dam.

If a plane strain element is connected to a structure consisting of 3D elements
the motion of this structure in the out-of-plane direction (z-direction) is not
restricted by its connection to the 2D elements. The user has to take care that
any rigid body motion of the structure involving the z-direction is taken care
of, if appropriate. This particularly applies to any springs connected to plane
strain elements.

Notice that structures containing plane strain elements should be de�ned in
the global x-y plane, i.e. z=0 for all nodes.

6.2.27 Three-node axisymmetric element (CAX3)

This element is very similar to the three-node shell element. Figures 66 and
67 apply (just drop the middle nodes). For more information on axisymmetric
elements the reader is referred to the section on CAX8 elements.
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6.2.28 Four-node axisymmetric element (CAX4 and CAX4R)

This element is very similar to the eight-node shell element. Figures 68 and 69
apply (just drop the middle nodes). The CAX4 and CAX4R elements are ex-
panded into C3D8 and C3D8R elements, respectively. For more information on
axisymmetric elements the reader is referred to the section on CAX8 elements.

6.2.29 Six-node axisymmetric element (CAX6)

This element is very similar to the six-node shell element. Figures 66 and 67
apply. For more information on axisymmetric elements the reader is referred to
the next section.

6.2.30 Eight-node axisymmetric element (CAX8 and CAX8R)

This is a general purpose quadratic axisymmetric element. Just as the shell,
plane stress and plane strain element it is internally expanded into a C3D20 or
C3D20R element according to Figure 69 and the node numbering of Figure 68
applies.

For axisymmetric elements the coordinates of the nodes correspond to the ra-
dial direction (�rst coordinate) and the axial direction (second or y-coordinate).
The axisymmetric structure is expanded by rotation about the second coordi-
nate axis, half clockwise and half counterclockwise. The radial direction corre-
sponds to the x-axis in the 3D expansion, the axial direction with the y-axis.
The x-y plane cuts the expanded structure in half. The z-axis is perpendicular
to the x-y plane such that a right-hand-side axis system is obtained.

The same rules apply as for the plane strain elements, except that in-plane
conditions in a plane strain construction now correspond to radial plane condi-
tions in the axisymmetric structure. Expressed in another way, the z-direction
in plane strain now corresponds to the circumferential direction in a cylindrical
coordinate system with the y-axis as de�ning axis. Notice that nodes on the
x-axis are not automatically �xed in radial direction. The user has to take care
of this by using the *BOUNDARY card

Compared to plane strain elements, the following conditions apply:

� The expansion angle is �xed, its size is 2� . The value on the line beneath
the *SOLID SECTION keyword, if any, has no e�ect.

� The displacements in cylindrical coordinates of all nodes not in the de�n-
ing plane are identical to the displacements of the corresponding nodes in
the de�ning plane. This is formulated using MPC’s.

� Forces act in radial planes. They have to be de�ned for the complete
circumference, i.e. if you apply a force in a node, you �rst have to sum all
forces at that location along the circumference and then apply this sum
to the node.
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r

Figure 72: Disk with holes

� Concentrated heat uxes act in radial planes. They have to be de�ned for
the complete circumference.

� Mass ow rates act in radial planes. They have to be de�ned for the
complete circumference.

� For distributed loading Figure 71 applies.

A special application is the combination of axisymmetric elements with plane
stress elements to model quasi-axisymmetric structures. Consider a circular disk
with holes along the circumference, Figure 72. Assume that the holes take up
k% of the circumferential width, i.e. if the center of the holes is located at
a radius r , the holes occupy 2�rk= 100. Then, the structure is reduced to a
two-dimensional model by simulating the holes by plane stress elements with
width 2�r (100 � k)=100 and everything else by axisymmetric elements. More
sophisticated models can be devised (e.g. taking the volume of the holes into
account instead of the width at their center, or adjusting the material properties
as well [38]). The point here is that due to the expansion into three-dimensional
elements a couple of extra guidelines have to be followed:

� expanded plane stress and axisymmetric elements must have a small thick-
ness to yield good results: in the case of plane stress elements this is be-
cause a large thickness does not agree with the plane stress assumption,
in the case of axisymmetric elements because large angles yield bad re-
sults since the expansion creates only one layer of elements. CalculiX uses
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an expansion angle of 2� , which amounts to �= 90 radians. Consequently,
only 100=180% of the disk is modeled and the thickness of the plane stress
elements is (100 � k)�r= 9000. This is done automatically within CalculiX.
On the *SOLID SECTION card the user must specify the thickness of the
plane stress elements for 360� , i.e. 2�r (100 � k)=100.

� the point forces on the axisymmetric elements are to be given for the
complete circumference, as usual for axisymmetric elements.

� the point forces on the plane stress elements act on the complete circum-
ference.

� distributed loads are not a�ected, since they act on areas and/or volumes.

If an axisymmetric element is connected to a structure consisting of 3D
elements the motion of this structure in the circumferential direction is not
restricted by its connection to the 2D elements. The user has to take care that
any rigid body motion of the structure involving the circumferential direction is
taken care of, if appropriate. This particularly applies to any springs connected
to axisymmetric elements.

Notice that structures containing axisymmetric elements should be de�ned
in the global x-y plane, i.e. z=0 for all nodes.

6.2.31 Two-node 2D beam element (B21)

This element is internally replaced by a B31 element and is treated as such.

6.2.32 Two-node 3D beam element (B31 and B31R)

This element is very similar to the three-node beam element. Figures 73 and 74
apply (just drop the middle nodes). The B31 and B31R elements are expanded
into C3D8I and C3D8R elements, respectively. Since the C3D8R element has
only one integration point in the middle of the element, bending e�ect cannot
be taken into account. Therefore,the B31R element should not be used for
bending. For more information on beam elements the reader is referred to the
next section.

6.2.33 Three-node 3D beam element (B32 and B32R)

In CalculiX this is the general purpose beam element. The node numbering is
shown in Figure 73.

In each node a local Cartesian system t � n1 � n2 is de�ned. t is the
normalized local tangential vector, n1 is a normalized vector in the local 1-
direction and n2 is a normalized vector in the local 2-direction, also called the
normal. The local directions 1 and 2 are used to expand the beam element into
a C3D20 or C3D20R element according to Figure 74.

For each node of the beam element 8 new nodes are generated according to
the scheme on the right of Figure 74. These new nodes are used in the de�nition
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Figure 73: 3-node quadratic beam element/3-node network element
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Figure 74: Expansion of a beam element
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of the brick element, and their position is de�ned by the local directions together
with the thickness and o�set in these directions.

The tangential direction follows from the geometry of the beam element.
The normal direction (2-direction) can be de�ned in two ways:

� either by de�ning the normal explicitly by using the *NORMAL keyword
card.

� if the normal is not de�ned by the *NORMAL card, it is de�ned implicitly
by n2 = t � n1

In the latter case, n1 can be de�ned either

� explicitly on the *BEAM SECTION card.

� implicitly through the default of (0,0,-1).

If a node belongs to more than one beam element, the tangent and the normal
is �rst calculated for all elements to which the node belongs. Then, the element
with the lowest element number in this set for which the normal was de�ned
explicitly using a *NORMAL card is used as reference. Its normal and tangent
are de�ned as reference normal and reference tangent and the element is stored
in a new subset. All other elements of the same type in the set for which the
normal and tangent have an angle smaller than 0:5� with the reference normal
and tangent and which have the same local thicknesses, o�sets and sections are
also included in this subset. All elements in the subset are considered to have
the same normal and tangent. The normal is de�ned as the normed mean of all
normals in the subset, the same applies to the tangent. Finally, the normal is
slightly modi�ed within the tangent-normal plane such that it is normal to the
tangent. This procedure is repeated until no elements are left with an explicitly
de�ned normal. Then, the element with the lowest element number left in the
set is used as reference. Its normal and tangent are de�ned as reference normal
and reference tangent and the element is stored in a new subset. All other
elements of the same type in the set for which the normal and tangent have an
angle smaller than 20� with the reference normal and tangent and which have
the same local thicknesses, o�sets and sections are also included in this subset.
All elements in the subset are considered to have the same normal and tangent.
This normal is de�ned as the normed mean of all normals in the subset, the
same applies to the tangent. Finally, the normal is slightly modi�ed within the
tangent-normal plane such that it is normal to the tangent. This procedure is
repeated until a normal and tangent have been de�ned in each element. Finally,
the 1-direction is de�ned by n1 = n2 � t.

If this procedure leads to more than one local coordinate system in one and
the same node, all expanded nodes are considered to behave as a knot with the
generating node as reference node. Graphically, the beam elements partially
overlap (Figure 75).

Consequently, a node leads to a knot if
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Figure 75: Overlapping beam elements at a knot
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� the direction of the local normals in the elements participating in the node
di�er beyond a given amount. Notice that this also applies to neighboring
elements having the inverse normal. Care should be taken that the ele-
ments in beams are oriented in a consistent way to avoid the generation
of knots.

� several types of elements participate (e.g. shells and beams).

� the thickness is not the same in all participating elements.

� the o�set is not the same in all participating elements.

� the section is not the same in all participating elements.

� a rotation or a moment is applied in the node (only for dynamic calcula-
tions)

Similarly to shells applied rotations or moments (bending moments, torques)
in static calculations are taken care of by the automatic generation of mean
rotation MPC’s.

Beam and shell elements are always connected in a sti� way if they share
common nodes. This, however, does not apply to plane stress, plane strain
and axisymmetric elements. Although any mixture of 1D and 2D elements
generates a knot, the knot is modeled as a hinge for any plane stress, plane
strain or axisymmetric elements involved in the knot. This is necessary to
account for the special nature of these elements (the displacement normal to
the symmetry plane and normal to the radial planes is zero for plane elements
and axisymmetric elements, respectively).

The section of the beam must be speci�ed on the *BEAM SECTION key-
word card. It can be rectangular (SECTION=RECT), elliptical (SECTION=CIRC),
pipe-like (SECTION=PIPE) or box-like (SECTION=BOX). A circular cross
section is a special case of elliptical section, pipe and box sections are special
cases of a rectangular cross section obtained through appropriate integration
point schemes. For a rectangular cross section the local axes must be de�ned
parallel to the sides of the section, for an elliptical section they are parallel
to the minor and major axes of the section. The thickness of a section is the
distance between the free surfaces, i.e. for a circular section it is the diameter.

The thicknesses of the beam element (in 1- and 2-direction) can be de�ned
on the *BEAM SECTION keyword card. It applies to the complete element.
Alternatively, the nodal thicknesses can be de�ned in each node separately using
*NODAL THICKNESS. That way, a beam with variable thickness can be mod-
eled. Thicknesses de�ned by a *NODAL THICKNESS card take precedence
over thicknesses de�ned by a *BEAM SECTION card.

The o�sets of a beam element (in 1- and 2-direction) can be set on the
*BEAM SECTION card. Default is zero. The unit of the o�set is the beam
thickness in the appropriate direction. An o�set of 0.5 means that the user-
de�ned beam reference line lies in reality on the positive surface of the expanded
beam (i.e. the surface with an external normal in direction of the local axis).
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The o�set can take any real value. Consequently, it can be used to de�ne
composite structures, such as a plate supported by a beam, or a I cross section
built up of rectangular cross sections.

The treatment of the boundary conditions for beam elements is straightfor-
ward. The user can independently �x any translational degree of freedom (DOF
1 through 3) or any rotational DOF (DOF 4 through 6). Here, DOF 4 is the
rotation about the global x-axis, DOF 5 about the global y-axis and DOF 6
about the global z-axis. No local coordinate system should be de�ned in nodes
with constrained rotational degrees of freedom. A hinge is de�ned by �xing the
translational degrees of freedom only.

For an internal hinge between 1D or 2D elements the nodes must be doubled
and connected with MPC’s. The connection between 3D elements and all other
elements (1D or 2D) is always hinged.

Point forces de�ned in a beam node are not modi�ed if a knot is generated
(the reference node is the beam node). If no knot is generated, the point load
is divided among the expanded nodes according to a 1/4-1/4-1/4-1/4 ratio for
a beam mid-node and a (-1/12)-(1/3)-(-1/12)-(1/3)-(-1/12)-(1/3)-(-1/12)-(1/3)
ratio for a beam end-node. Concentrated bending moments or torques are
de�ned as point loads (*CLOAD) acting on degree four to six in the node.
Their use generates a knot in the node.

Distributed loading can be de�ned by the labels P1 and P2 in the *DLOAD
card. A positive value corresponds to a pressure load in direction 1 and 2,
respectively.

In addition to a temperature for the reference surface of the beam, a tem-
perature gradient in 1-direction and in 2-direction can be speci�ed on the
*TEMPERATURE. Default is zero.

Concerning the output, nodal quantities requested by the keyword *NODE PRINT
are stored in the beam nodes. They are obtained by averaging the nodal values
of the expanded element. For instance, the value in local beam node 1 are ob-
tained by averaging the nodal value of expanded nodes 1, 4, 5 and 8. Similar
relationships apply to the other nodes:

� beam node 1 = average of expanded nodes 1,4,5 and 8

� beam node 2 = average of expanded nodes 9,11,13 and 15

� beam node 3 = average of expanded nodes 2,3,6 and 7

Element quantities, requested by *EL PRINT are stored in the integration
points of the expanded elements.

Default storage for quantities requested by the *NODE FILE and *EL FILE
is in the expanded nodes. This has the advantage that the true three-dimensional
results can be viewed in the expanded structure, however, the nodal numbering
is di�erent from the beam nodes. By using the OUTPUT=2D parameter in the
�rst step one can trigger the storage in the original beam nodes. The same av-
eraging procedure applies as for the *NODE PRINT command. Section forces
can be requested by means of the parameter SECTION FORCES. If selected,
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the stresses in the beam nodes are replaced by the section forces. They are
calculated in a local coordinate system consisting of the 1-direction n1 , the 2-
direction n2 and 3-direction or tangential direction t (Figure 74). Accordingly,
the stress components now have the following meaning:

� xx: Shear force in 1-direction

� yy: Shear force in 2-direction

� zz: Normal force

� xy: Torque

� xz: Bending moment about the 2-direction

� yz: Bending moment about the 1-direction

The section forces are calculated by a numerical integration of the stresses
over the cross section. To this end the stress tensor is needed at the integration
points of the cross section. It is determined from the stress tensors at the nodes
belonging to the cross section by use of the shape functions. Therefore, if the
section forces look wrong, look at the stresses in the expanded beams (omitting
the SECTION FORCES and OUTPUT=2D parameter).

For all elements di�erent from beam elements the parameter SECTION
FORCES has no e�ect.

In thin structures two words of caution are due: the �rst is with respect to
reduced integration. If the aspect ratio of the shells is very large (slender shells)
reduced integration will give you far better results than full integration. In
order to avoid hourglassing a 2x5x5 Gauss-Kronrod integration scheme is used
for B32R-elements with a rectangular cross section. This scheme contains the
classical Gauss scheme with reduced integration as a subset. The integration
point numbering is shown in Figure 76. For circular cross sections the regular
reduced Gauss scheme is used. In the rare cases that hourglassing occurs the
user might want to use full integration with smaller elements. Secondly, thin
structures can easily exhibit large strains and/or rotations. Therefore, most
calculations require the use of the NLGEOM parameter on the *STEP card.

6.2.34 Two-node 2D truss element (T2D2)

This element is internally replaced by a T3D2 element and is treated as such.

6.2.35 Two-node 3D truss element (T3D2)

This element is similar to the B31 beam element except that it cannot sustain
bending. This is obtained by inserting hinges in each node of the element.
Apart from this all what is said about the B31 element also applies to the
T3D2 element with one exception: instead of the *BEAM SECTION card the
*SOLID SECTION card has to be used.
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Figure 76: Gauss-Kronrod integration scheme for B32R elements with rectan-
gular cross section



6.2 Element Types 125

6.2.36 Three-node 3D truss element (T3D3)

This element is similar to the B32 beam element except that it cannot sustain
bending. This is obtained by inserting hinges in each end node of the element.
Apart from this all what is said about the B32 element also applies to the
T3D3 element with one exception: instead of the *BEAM SECTION card the
*SOLID SECTION card has to be used.

6.2.37 Three-node network element (D)

This is a general purpose network element used in forced convection applications.
It consists of three nodes: two corner nodes and one midside node. The node
numbering is shown in Figure 73. In the corner nodes the only active degrees of
freedom are the temperature degree of freedom (degree of freedom 11) and the
pressure degree of freedom (degree of freedom 2). These nodes can be used in
forced convection *FILM conditions. In the middle node the only active degree
of freedom is degree of freedom 1, and stands for the mass ow rate through
the element. A positive mass ow rate ows from local node 1 to local node
3, a negative mass ow rate in the reverse direction. It can be de�ned using
a *BOUNDARY card for the �rst degree of freedom of the midside node of
the element. Fluid material properties can be de�ned using the *MATERIAL,
*FLUID CONSTANTS and *SPECIFIC GAS CONSTANT cards and assigned
by the *FLUID SECTION card.

network elements form uid dynamic networks and should not share any
node with any other type of element. Basically, analyses involving uid dynamic
networks belong to one of the following two types of calculations:

� Pure thermomechanical calculations. In that case the mass ow in all ele-
ments of the network is known and the only unknowns are the temperature
(in the network and the structure) and displacements (in the structure).
This mode is automatically activated if all mass ows are speci�ed using
boundary cards. In that case, pressures in the network are NOT calcu-
lated. Furthermore, the type of network element is not relevant and should
not be speci�ed.

� Fully coupled calculations involving uid thermodynamical calculations
with structural thermomechanical calculations. This mode is triggered if
the mass ow in at least one of the network elements is not known. It
requires for each network element the speci�cation of its uid section type.

The available types of uid sections are listed in subsection 6.4 and 6.5.
Notice that three-node network elements are one-dimensional and can ac-

count for two- or three-dimensional e�ects in the uid ow only to a limited
degree.

A special kind of network element is one in which one of the corner nodes
is zero (also called a dummy network element). This type is element is used
at those locations where mass ow enters or leaves the network. In this case
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Figure 77: De�nition of a GAPUNI element

the corner node which is not connected to any other network element gets the
label zero. This node has no degrees of freedom. The degree of freedom 1 of
the midside node corresponds to the entering or leaving mass ow.

6.2.38 Two-node unidirectional gap element (GAPUNI)

This is a standard gap element de�ned between two nodes. The clearance d
of the gap and its direction n are de�ned by using the *GAP card. Let the
displacement vector of the �rst node of the GAPUNI element be u 1 and the
displacement vector of the second node u 2 . Then, the gap condition is de�ned
by (Figure 77):

d + n � (u 2 � u 1) � 0: (13)

6.2.39 Two-node 3-dimensional dashpot (DASHPOTA)

The dashpot element is de�ned between two nodes (Figure 78). The force in
node 2 amounts to:

F2 = � c
�
(v2 � v1 ) �

(x 2 � x 1 )
L

�
(x 2 � x 1)

L
(14)

where c is the dashpot coe�cient, v is the velocity vector, x is the actual
location of the nodes and L is the actual distance between them. Notice that
F1 = � F2 . Right now, only linear dashpots are allowed, i.e. the dashpot
coe�cient is constant (i.e. it does not depend on the relative velocity. However,
it can depend on the temperature). It is de�ned using the *DASHPOT keyword
card.

The two-node three-dimensional dashpot element is considered as a genuine
three-dimensional element. Consequently, if it is connected to a 2D element
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Figure 78: De�nition of a DASHPOTA element

with special restraints on the third direction (plane stress, plane strain or ax-
isymmetric elements) the user has to take care that the third dimension does
not induce rigid body motions in the dashpot nodes.

The dashpot element can only be used in linear dynamic calculations char-
acterized by the *MODAL DYNAMIC keyword card.

6.2.40 One-node 3-dimensional spring (SPRING1)

This is a spring element which is attached to only one node. The direction n in
which the spring acts has to be de�ned by the user underneath the *SPRING
keyword card by specifying the appropriate degree of freedom. This degree of
freedom can be local if the ORIENTATION parameter is used on the *SPRING
card. If u is the displacement in the spring node and K is the spring constant,
the force is obtained by:

F = K (u � n )n : (15)

A nonlinear spring can be de�ned by specifying a piecewise linear force versus
elongation relationship (underneath the *SPRING card).

6.2.41 Two-node 3-dimensional spring (SPRING2)

This is a spring element which is attached to two nodes (Figure 79). The
directions n 1 and n 2 determining the action of the spring have to be de�ned by
the user underneath the *SPRING keyword card by specifying the appropriate
degrees of freedom. These degrees of freedom can be local if the ORIENTATION
parameter is used on the *SPRING card. Usually, it does not make sense to
take a di�erent degree of freedom in node 1 and node2. If u 1 is the displacement
in node 1 (and similar for node 2) and K is the spring constant, the force in
node 1 is obtained by:

F1 = K [(u 1 � n 1 )n 1 � (u 2 � n 2)n 1 ]; (16)

and the force in node 2 by:

F2 = � K [(u 1 � n 1 )n 2 � (u 2 � n 2 )n 2 ]: (17)

A nonlinear spring can be de�ned by specifying a piecewise linear force versus
elongation relationship (underneath the *SPRING card).
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1 2

Figure 79: De�nition of a SPRINGA element

6.2.42 Two-node 3-dimensional spring (SPRINGA)

This is a spring element de�ned between two nodes (Figure 79). The force
needed in node 2 to extend the spring with original length L 0 to a �nal length
L is given by:

F = k(L � L 0)n ; (18)

where k is the spring sti�ness and n is a unit vector pointing from node 1 to
node 2. The force in node 1 is � F . This formula applies if the spring sti�ness
is constant. It is de�ned using the *SPRING keyword card. Alternatively, a
nonlinear spring can be de�ned by providing a graph of the force versus the
elongation. In calculations in which NLGEOM is active (nonlinear geometric
calculations) the motion of nodes 1 and 2 induces a change of n .

The two-node three-dimensional spring element is considered as a genuine
three-dimensional element. Consequently, if it is connected to a 2D element
with special restraints on the third direction (plane stress, plane strain or ax-
isymmetric elements) the user has to take care that the third dimension does not
induce rigid body motions in the spring nodes. An example of how to restrain
the spring is given in test example spring4.

Note that a spring under compression, if not properly restrained, may change
its direction by 180� , leading to unexpected results. Furthermore, for nonlinear
springs, it does not make sense to extend the force-elongation curve to negative
elongation values � L 0.

6.2.43 One-node coupling element (DCOUP3D)

This type is element is used to de�ne the reference node of a distributing cou-
pling constraint (cf. *DISTRIBUTING COUPLING). The node should not
belong to any other element. The coordinates of this node are immaterial.

6.2.44 One-node mass element (MASS)

This element is used to de�ne nodal masses. The topology description consists
of the one node in which the mass is applied. The size of the mass is de�ned
using the *MASS card.

6.2.45 User Element (Uxxxx)

The user can de�ne his/her own elements. In order to do so he/she has to:
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� Give a name to the element. The name has to start with \U" followed by
maximal 4 characters. Any character from the ASCII character set can
be taken, but please note that lower case characters are converted into
upper case by CalculiX. Consequently, \Ubeam" and \UBEam" are the
same name. This reduces the character set from 256 to 230 characters.

� specify the number of integration points within the element (maximum
256), the number of nodes belonging to the element (maximum 256) and
the number of degrees of freedom in each node (maximum 256) by using
the *USER ELEMENT keyword card.

� write a FORTRAN subroutine resultsmech uxxxx.f calculating the sec-
ondary variables (usually strains, stresses, internal forces) from the pri-
mary variables (= the solution of the equation system, usually displace-
ments, rotations....). Add a call to this routine in resultsmech u.f

� write a FORTRAN subroutine e c3d uxxxx.f calculating the element sti�-
ness matrix and the element external force vector (and possibly the ele-
ment mass matrix). Add a call to this routine in e c3d u.f

� write a FORTRAN subroutine extrapolate uxxxx.f calculating the value
of the secondary variables (usually strains, stresses..) at the nodes based
on their values at the integration points within the element. Add a call
to this routine in extrapolate u.f

6.2.46 User Element: 3D Timoshenko beam element (U1)

An example for a 3D Timoshenko beam element (for static linear elastic calcu-
lations and small deformations) according to [100] is implemented as element
\U1" in CalculiX. It is used in example userbeam.inp in the test suite. The
reader is referred to �les resultsmech u1.f, e c3d u1.f and extrapolate u1.f for
details on how a user elements is coded.

6.2.47 User Element: 3-node shell element (US3)

The US3 shell element has six degrees of freedom per node - three translations
and three rotations (Figure 80). The discrete shear gap approach together with
the cell smoothing technique is implemented for the treatment of shear locking.
The membrane behavior is resolved by means of the assumed natural deviatoric
strains formulation with certain adjustments implemented to accommodate for
shell behavior. A detailed description of the formulation is given in [73]. In
that reference the accuracy and convergence rate were tested on a chosen set
of well-known challenging benchmark problems, and the results were compared
with those yielded by the Abaqus c S3 element. The element shows a very good
performance in the static linear elastic analysis compared to the Abaqus c S3
element.

The shell formulation is implemented as element US3 in CalculiX and can
be used for static and dynamic linear elastic (small deformations) calculations



130 6 THEORY

Face SNEG

Face SPOS

n

1

2

3

Figure 80: De�nition of the US3 element

under the consideration of isotropic material properties. Simpson’s rule (three
points) is provided to calculate the cross-sectional behavior of the shell. For a
homogeneous section this integration scheme is exact for linear problems and
should be su�cient for routine thermal-stress calculations. Following loadings
are implemented:

� Concentrated forces and moments.

� Nodal temperatures with temperature gradients through shell thickness.

� Element face pressure loads.

6.3 Beam Section Types
A beam element is characterized by its cross section. This cross section is
de�ned by a *BEAM SECTION card. All beam sections which are not rect-
angular (including square) or elliptical (including circular) are considered as
\beam general sections" and are internally expanded into a rectangular cross
section (C3D20R-type element) and the actual section of the beam is simulated
by an appropriate integration point scheme. A section type is characterized by
a �nite number of parameters, which must be entered immediately underneath
the *BEAM SECTION card. A new section type can be added by changing the
following routines:

� allocation.f (de�ne the new section underneath the *BEAMSECTION if-
statement)

� calinput.f (de�ne the new section underneath the *BEAMSECTION if-
statement)

� beamgeneralsections.f (here, the one-letter abbreviation for the section has
to be added. For instance, the pipe section is characterized by ’P’. Fur-
thermore, the programmer must de�ne the number of parameters needed
to characterize the section).
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Figure 81: Geometry of the box

� beamintscheme.f (here, the integration point scheme has to be de�ned)

� beamextscheme.f (here, the extrapolation of the integration point variables
such as stresses or strains to the nodes of the expanded C3D20R element).

Right now, the following section types are available:

6.3.1 Pipe

The pipe section is circular and is characterized by its outer radius and its
thickness (in that order). There are 8 integration points equally distributed
along the circumference. In local coordinates, the radius at which the integration
points are located is

p
(� 2 + 1)=2, where � = r=R, r being the inner radius and

R the outer radius. The weight for each integration point is given by � � (1� � 2)=8
[12].

6.3.2 Box

The Box section (contributed by O. Bernhardi) is simulated using a ’parent’
beam element of type B32R.

The outer cross sections are de�ned by a and b, the wall thicknesses are t1,
t2, t3 and t4 and are to be given by the user (Figure 81).

The cross-section integration is done using Simpson’s method with 5 inte-
gration points for each of the four wall segments. Line integration is performed;
therefore, the stress gradient through an individual wall is neglected. Each wall
segment can be assigned its own wall thickness.

The integration in the beam’s longitudinal direction � is done using the usual
Gauss integration method with two stations; therefore, the element has a total
of 32 integration points.
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From the �gure, we de�ne, for example, the local coordinates of the �rst
integration point

� 1 = �
1

p
3

; � 1 = 1 �
t4

b
; � 1 = 1 �

t1

a
(19)

The other three corner points are de�ned correspondingly. The remaining
points are evenly distributed along the center lines of the wall segments. The
length p and q of the line segments, as given w.r.t. the element intrinsic coor-
dinates � and � , can now be calculated as

p = 2 �
t1

a
�

t3

a
; q = 2 �

t2

b
�

t4

b
; (20)

An integral of a function f (�; � ), over the area 
 of the hollow cross section
and evaluated w.r.t the natural coordinates � , � , can be approximated by four
line integrals, as long as the line segments �1, �2, �3 and �4 are narrow enough:

Z




f (�; � )d
 �

2t1

a

Z
f (� (�1); � ) d�1 +

2t2

b

Z
f (�; � (�2)) d�2 +

2t3

a

Z
f (� (�3); � ) d�3 +

2t4

b

Z
f (� ); � (�4)) d�4 (21)

According to Simpson’s rule, the integration points are spaced evenly along
each segment. For the integration weights we get, for example, in case of the
�rst wall segment

wk = f 1; 4; 2; 4; 1g
q
12

(22)

Therefore, we get, for example, for corner Point 1

w1 =
1
6

t1

a
q +

1
6

t4

b
p (23)

and for Point 2

w2 =
4
6

t1

a
q (24)

The resulting element data (stresses and strains) are extrapolated from the
eight corner integration points (points 1,5,9 and 13) from the two Gauss integra-
tion stations using the shape functions of the linear 8-node hexahedral element.

Remarks

� The wall thickness are assumed to be small compared to the outer cross
section dimensions.
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� The bending sti�nesses of the individual wall segments about their own
neutral axes are completely neglected due to the line integral approach.

� Torsion sti�ness is governed to a large extent by warping of the cross
section which in turn can only be modelled to a limited extent by this
type of element.

� Modelling of U or C pro�les is also possible by setting one of the wall
thicknesses to zero. Modelling L sections however, by setting the wall
thickness of two segments to zero, will probably cause spurious modes.

6.3.3 General

The general section can only be used for user element type U1 and is de�ned
by the following properties (to be given by the user in that order):

� cross section area A

� moment of inertia I 11

� moment of inertia I 12

� moment of inertia I 22

� Timoshenko shear coe�cient k

Furthermore, the speci�cation of the 1-direction (cf. third line in the *BEAM SECTION
de�nition) is REQUIRED for this type of section. Internally, the properties are
stored in the prop-array in the following order:

� cross section area A

� moment of inertia I 11

� moment of inertia I 12

� moment of inertia I 22

� Timoshenko shear coe�cient k

� global x-coordinate of a unit vector in 1-direction

� global y-coordinate of a unit vector in 1-direction

� global z-coordinate of a unit vector in 1-direction

� o�set1

� o�set2

In the present implementation of the U1-type element I 12, o�set1 and o�set2
have to be zero.
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